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Abstract

The conventional technique for positioning seafloor geophones in ocean bottom seismic exploration encounters
several challenges, including the significant impact of outliers on positioning results, underutilization of high-preci-
sion observations, and low efficiency in real-time data processing. These issues inevitably affect the quality of seis-
mic exploration outcomes. To address these challenges and enhance the accuracy of geophone positioning, this
paper proposes a rigorous real-time acoustic positioning method for geophones based on sequential adjustment
and Baarda’s outlier detection approach. The proposed method comprises three key steps: grouping the original
acoustic observations, constructing the intra-group acoustic positioning model, and synthesizing the positioning
results across the different groups. The validity and practicality of this approach are confirmed through a simulation
experiment as well as the field experiment conducted in the Bohai Sea, China. The results demonstrate that the pro-
posed method effectively eliminates outliers in the original observations and maximizes the utilization of high-quality
observations. Compared to traditional acoustic positioning methods, it significantly reduces positioning errors

from meters to decimeters, and in some cases can achieve centimeter-level precision. When the sound velocity profile
in the operating sea area is measured, the method can attain the posterior standard deviation at the millimeter level
and positioning errors within 10 cm. When the sound velocity profile is unknown, the method can achieve the poste-
rior standard deviation at centimeter-level and positioning errors of approximately 20 cm.

Keywords Ocean bottom seismic exploration, Geophone positioning, Acoustic positioning method, Sequential
adjustment, Outlier detection

Introduction In OBC seismic exploration, a cable embedded with

Ocean bottom seismic exploration is a pivotal technology
for the exploration and exploitation of deep-sea petro-
leum and natural gas resources. It mainly includes Ocean
Bottom Cable (OBC) seismic exploration and Ocean Bot-
tom Node (OBN) seismic exploration (Barr et al., 1996;
Berg et al., 1994; Bovet et al., 2010; Lecerf et al., 2011).
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seismic geophones is initially deployed onto the ocean
floor. Subsequently, a gun array, consisting of multiple air
guns, is towed by a survey ship to generate high-pressure
gas and artificial seismic waves. The seismic data col-
lected by the seafloor geophones are then analyzed to
discern the submarine formation structure of the sur-
veyed area, thereby determining the optimal location for
oil and gas resource storage (Fang, 2014; Zinn, 1998). The
principle underlying OBN seismic exploration is essen-
tially identical to that of OBC seismic exploration, with
the difference that OBN employs independent geophones
connected by external cables (Alghamdi et al, 2018;
Detomo et al.,, 2012; Zhang et al., 2021).

Accurate positioning of geophones plays a crucial
role in determining the quality results of ocean bottom
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seismic surveys. Due to the influence of oceanic factors
such as waves, tides, and currents, the actual coordinates
of the seafloor geophones often deviate significantly from
the intended coordinates. Therefore, it is necessary to
determine the precise coordinates of geophones after
cable deployment to ensure the high quality of the ocean
bottom seismic exploration results (Morvan et al., 2015;
Wang et al., 2020; Zeng & Yang, 2001). There are three
common techniques for geophone positioning. The first
approach is recording and using the horizontal coordi-
nates of the ship-borne GNSS antenna at the moment
when geophones are dropped on the seafloor. The second
method is attaching high-frequency acoustic transpond-
ers to the geophones and conducting a separate pinging
survey for positioning purposes (acoustic positioning).
The third technique is utilizing multiple occasions of
the onset of seismic energy as surveying observations in
a positioning algorithm (first breaks). It is also possible
to combine acoustic positioning with first breaks (Zinn,
2011). The first method is the simplest one but provides
the results with low accuracy.

Acoustic positioning has many advantages. It can be
successfully utilized in the circumstances such as shallow
water and shorelines, where the seismic shooting geom-
etry may not allow for the balanced coverage required
in the first break method (Bole & Zinn, 1998). There-
fore, it has been widely integrated into seismic explora-
tion software developed in different countries, such as
the TZ/OBC acoustic positioning system of Sonardyne
and the BPS acoustic positioning system of Bureau of
Geophysical Prospecting, China National Petroleum
Corporation (BGP INC., 2016; Sonardyne, 2021). The
principle of acoustic positioning can be summarized
as follows. Firstly, the one-way propagation time of the
acoustic wave from the ship-borne acoustic transducer
to the acoustic transponders installed on the seafloor
geophones is recorded. Subsequently, the geometric dis-
tances between the transducer and transponders are
calculated, and the coordinates of the transponders can
be determined using the range intersection position-
ing model (Fujita et al., 2006; Zhao et al., 2018a, 2018Db).
Based on the above principles, acoustic positioning
encounters several challenges in data processing.

Firstly, the positioning accuracy of a geophone is con-
tingent upon the accuracy of acoustic ranging. The
acoustic propagation path undergoes bending due to
the change of sound velocity in seawater, resulting in
a discrepancy between the actual geometric distance
and the geometric distance calculated using the one-
way propagation time and the sound velocity on the
sea surface. High-precision acoustic ranging results
can be obtained by acoustic ray tracing, such as acous-
tic ray tracing under the assumption of constant sound
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velocity in the layer and the assumption of the constant
gradient of sound velocity in the layer (Medwin & Clay,
1998; Sakic et al., 2018). However, the accuracy of acous-
tic ray tracing is related to the sampling interval of the
Sound Velocity Profile (SVP). Smaller sampling intervals
lead to higher tracing accuracy. Nevertheless, measur-
ing the SVP requires the vessel to be in a fixed position
and necessitates multiple sound velocity samples in the
water area because the underwater sound velocity var-
ies in both vertical and horizontal directions in time,
which is time-consuming and labor-intensive (Bianco
& Gerstoft, 2017; Clarke et al., 2000). Considering the
operational efficiency and cost, SVPs are rarely meas-
ured in ocean bottom seismic exploration. Therefore,
it becomes imperative to study the method for process-
ing acoustic positioning data without SVPs. At present,
the main method to solve this problem is to use the his-
torical SVPs in the area to derive the SVP at the time of
operation. Munk and Wunsch (1979) proposed the idea
of ocean acoustic tomography. They studied the relation-
ship between the propagation time disturbance and the
change of sound velocity in the water and retrieved the
sound velocity field in the water by repeatedly measur-
ing the propagation time of sound waves between the
sound source and the transponder. Leblanc et al. (1980)
proposed the method of using Empirical Orthogonal
Function (EOF) to analyze SVPs, whose effectiveness was
proved by many scholars through the experiments in dif-
ferent time and sea areas (Ding et al., 2007; Huang et al.,
2021; LeBlanc & Middleton, 1980; Park & Kennedy, 1996;
Sun et al, 2016). Based on the empirical relationship
between sound velocity and water temperature, Osada
et al. (2003) obtained accurate three-dimensional hori-
zontal coordinates and sound velocity field of the sea-
floor transponder with the constraint of the horizontal
coordinates. However, in the geophone positioning, the
real coordinates of the seafloor geophone differ greatly
from the design coordinates and cannot be used as the
constraint conditions. Li et al. (2015) found the optimal
solution of the optimal sound velocity through the grid
search algorithm to inverse the SVP with the difference
between the theoretical spectrum and the observed
spectrum of the acoustic signal as the constraint condi-
tion. Zhao et al. (2023) proposed a SVP inversion method
under the self-constraint of water depth. Combining the
initial SVP calculated by Argo observation data, the sim-
ulated annealing algorithm was used for SVP inversion.
The above methods of sound velocity inversion require
constraints such as historical observations of SVPs, rela-
tively accurate coordinates, real terrain, or Argo observa-
tion data, etc. However, meeting these conditions is often
challenging in seismic exploration geophone positioning.
Therefore, it is necessary to further study the method of
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geophone positioning without additional data such as
historical SVPs.

The second challenge lies in the underutilization of
high-quality acoustic observations. During the ocean
bottom seismic exploration, the survey ship travels along
a predetermined trajectory while collecting acoustic
observations between the ship-borne transducer and
the transponder on the geophone (Barr, 1994). As the
geophone enters or is about to depart from the effec-
tive range of the survey vessel, the incident angle of the
acoustic wave becomes exceedingly large, reducing the
accuracy of the acoustic ranging. As the survey ship
approaches the geophone, the incident angle gradu-
ally decreases and the accuracy of acoustic ranging is
gradually improved (Zhao & Liang, 2019). Currently, in
establishing the acoustic positioning model, all observa-
tions from the current moment and the past are incor-
porated without discerning their quality, resulting in
the suboptimal utilization of high-quality observations
and significant wastage of data. Therefore, it is of great
significance to study the processing scheme of acoustic
observations under different incident angles to enhance
the positioning accuracy of the geophone. To solve this
problem, Wang et al. (2016) used the curvature radius of
the sound propagation path to replace the Snell constant
in the process of ray tracing when the incidence angle is
too large. This method is more accurate than the tradi-
tional method when the incidence angle is greater than
80 degrees. Zhao et al., (2018a, 2018b) constructed four
kinds of underwater positioning random models based
on the incidence angle of sound waves: the general pro-
portional weighting model, the cosine weighting model,
the exponential weighting model, and the piecewise-
cosine weighting model. Wang et al. (2021) built a piece-
wise exponential function stochastic model based on the
constant gradient acoustic ray tracing, whose position-
ing results are more precise than the traditional acoustic
positioning method and the same as the piecewise-cosine
weighting model. All the above methods need to incor-
porate all the observed data into the positioning model
and then determine their weights, which is suitable for
post-processing the data rather than real-time. Based on
these studies, this paper will further study the stochas-
tic model suitable for the real-time positioning model of
geophones.

The third problem is the insufficient robustness of the
basic acoustic positioning model. The basic acoustic posi-
tioning model based on the classical least squares cannot
distinguish outliers in the observations, and its position-
ing results are greatly affected by abnormal observations
(Wang et al, 2014). Therefore, it is very important to
explore the acoustic positioning model that incorporates
outlier elimination functionality to improve the positioning
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accuracy of the geophone. Currently, two commonly
employed methods for outlier removal are Baarda’s outlier
detection approach and the IGGI method (Baarda, 1967,
1968; Li et al,, 2004). Baarda’s method only requires a sin-
gle critical value, making it more convenient to implement
compared to IGGI, which necessitates a trimmed param-
eter and two threshold values (Li et al., 2022). As a result,
Baarda’s method proves to be more user-friendly. The out-
lier detection based on Baarda’s theory typically identifies
one outlier at a time, with the overall set of outliers gener-
ally determined through an iterative process.

In summary, addressing the issues of the absence of
the SVP, underutilization of high-quality acoustic obser-
vations, and inadequate robustness of acoustic position-
ing model in the acoustic positioning of geophones, this
paper proposed a rigorous real-time acoustic positioning
method for seafloor geophones. The subsequent sections
of this paper are structured as follows. Sect. 2 provides
a concise introduction to the principle of acoustic posi-
tioning. Section 3 elaborates on the specific details of the
proposed rigorous real-time positioning method for geo-
phones, mainly including the grouping strategy of acous-
tic observations, the establishment of the intra-group
acoustic positioning model, the elimination of outliers in
the intra-group acoustic observations and the synthesis
of geophone positioning results between groups. Sec-
tion 4 verifies the practicality and accuracy of this pro-
posed method through simulation and field experiments.
Section 5 discusses the optimal applicable conditions of
the proposed method. Finally, the conclusion highlights
the contribution of this paper.

The basic acoustic positioning model for seafloor
geophones

The acoustic positioning system is a ranging positioning
system. As depicted in Fig. 1, when the acoustic signal
emitted from a ship-borne acoustic transducer is received
by the acoustic transponder mounted on the seafloor
geophone, the coordinates of the ship-borne transducer,
the commencement time of signal transmission, and the
time of signal reception are meticulously recorded.

Let t;, denote the emission time of the i-th acous-
tic wave, and ¢, ,, be the time when the m-th geophone
receives the signal. If the velocity ¢ of the acoustic wave
propagating in water is measured, then the distance S, ,
between the ship-borne transducer and the m-th geo-
phone can be calculated, and the observation equation is
shown in Eq. (1).

Sim = c(tim — tip)

=/ Con = X0+ (Yon = Y02 Zon — 20+ i
(1)
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Fig. 1 The basic principle of acoustic positioning with the white ship icon indicating the positions of the survey ship at different time

where (X, Y, Z) and (X,,, Y,,, Z,,) represent the coor-
dinates of the ship-borne transducer and the m-th geo-
phone at the i-th observation epoch, respectively, and ¢, ,
is the observation error.

Drawing upon Taylor’s theorem, the linearization error
equation can be expressed as Eq. (2).

Vim = ai1dx + a;ody + a;3dz — (Si,m — ng) (2)

where ng is the geometric distance calculated by the
coordinates of the ship-borne transducer at the i-th
observation epoch with the approximate coordinates
(X9,Y9,29) of the m-th geophone. The precise expres-
sion form of each parameter in the above formula is
shown in Eq. (3).

Y, - Y2 Zi — 7%

m m
I e— a;3 =
0 ’ by 0
Si,m Si,m

» aip =

St =V (6= X5)7 + (v = 8" + (2 - 23
3)
All the error equations in Eq. (2) corresponding to
the m-th geophone can be arranged in matrix form as
follows:

Vm = Bm&m - lm (4')

Based on the least-squares criterion VIPV=min, the
coordinate correction vector &, can be estimated by

Eq. (5):

s T “1or
Fy = (BumBm) BT P, (5)

where P,, represents the weight matrix, which is a diag-
onal matrix with the diagonal elements determined
according to the accuracy of acoustic observations. Then,
the coordinates X, of the m-th geophone can be calcu-
lated by Eq. (6).

Xon =X, +%m (6)

In the derivation process of Egs. (1)—(2), the approxi-
mate coordinates of the geophone are used to linearize the
original observation equation, and the higher order term of
the linearized observation equation is abandoned, which
loses part of the accuracy of the acoustic observation value.
If the approximate coordinates of the geophone differ
greatly from the real coordinates, the accuracy of the final
coordinates will be affected. Iteratively solving the coor-
dinates of the geophone can reduce the influence of inac-
curate approximate coordinates on the final positioning
results. The solution process is as follows. Add the coor-
dinate correction values obtained by Eq. (5) to the original
approximate coordinates an as the new approximate coor-
dinates; Reconstruct the basic acoustic positioning model
by repeating Egs. (2)—(4); Re-solve the coordinate correc-
tion vector based on Eq. (5); Stop iteration when the cor-
responding difference of each element in the coordinate
correction vector in the solution of two adjacent iterations
is less than the set threshold; Finally, the coordinates of the
geophone can be calculated by combining the approximate
coordinates and the coordinate correction values in the last
iteration.

The posterior standard deviation ¢ of the basic acoustic
positioning model, the variance matrix Dj;; and the covari-
ance matrix Qj;; of &y, are given in Eq. (7).



Ma et al. Satellite Navigation (2024) 5:4

7)

Once the geophone enters the effective operating range
of the survey ship, the propagation time of the acoustic
signal from the ship-borne transducer to the geophone
is collected. When the number of observations exceeds
three, the positioning model depicted in Eq. (4) can be
constructed to calculate the real-time coordinates of the
geophone.

The rigorous real-time positioning method
for geophones
There are three problems in the basic acoustic position-
ing of geophones: (1) The acoustic positioning model is
seriously influenced by the outliers in the observations;
(2) The observation values at all observation epochs are
encompassed in the model, without discerning the qual-
ity of the large amount of observations; (3) The need to
retain the initial observation value from each epoch
hampers computational efficiency and imposes signifi-
cant memory pressure. To solve the above problems, this
paper proposes a rigorous real-time acoustic position-
ing method for geophones based on sequential adjust-
ment, named the Sequential acoustic positioning method
(called “the SQ acoustic positioning method” for short).
As shown in Fig. 2, the flow of the SQ acoustic posi-
tioning method is as follows. Firstly, the acoustic
observations collected during the survey are grouped.
Subsequently, the intra-group acoustic positioning model
is established to solve the coordinates of geophones using
the observations in the same group considering whether
the SVP in the area is measured or not, and Baarda’s out-
lier detection is iteratively employed to eliminate outliers.
Finally, the sequential adjustment is used to synthesize
the positioning results of each group.

The grouping strategy of original acoustic observations
According to Fig. 2, before establishing the intra-group
acoustic positioning model, it is necessary to collect
acoustic observations in groups, which is performed
in real-time during the navigation of the survey ship.
The accuracy of acoustic ranging diminishes as the inci-
dent angle of the acoustic waves increases. Therefore, to
ensure the consistent quality of the observations within
the same group, it is advisable to adjust the data buffer
size based on the velocity of the survey ship. If the speed
of the ship is too fast, the data buffer size ought to be
reduced; conversely, if the speed of the ship is too low,
the data buffer size should be increased (Fig. 3).
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The survey ship continuously collects acoustic observa-
tions and monitors the capacity of the data buffer. Once
the buffer reaches its maximum capacity, the data col-
lection for that group is concluded. Simultaneously, the
buffer is cleared for the next set of data collection.

The establishment of the intra-group acoustic positioning
model

After the data collection for a group is concluded, the
positioning model is constructed within the group to
calculate the coordinates of geophones. The construc-
tion of the intra-group acoustic positioning model bears
resemblance to the methodology outlined in Sect. 2. This
section will introduce distinct weighting methods for
acoustic observations.

(1) The weighting strategy for acoustic observations
when the SVP is known.

When the SVP is known, the initial incidence angle of
the acoustic wave can be calculated by combining the
one-way propagation time with the SVP. Then the geo-
metric distance between the onboard transducer and
geophones can be determined through acoustic ray trac-
ing. In this case, the observations can be weighted based
on the magnitude of the geometric distance, assigning
smaller weights to longer distances. At present, the com-
monly employed acoustic ray tracing methods include
the tracing under the assumption of constant sound
velocity in the same layer and the tracing under the
assumption of the constant gradient of sound velocity in
the same water layer.

Assuming that the acoustic wave passes through a
water column consisting of # layers, with the sound
velocity at the sea surface denoted as C,, and the initial
incident angle as 8; the i-th layer has a thickness of Az,
a sound velocity of C, and an incident angle of 6, Then
the horizontal displacement Ay, and propagation time
At; in the i-th layer calculated by the ray tracing under
the assumption of constant sound velocity are given in
Eq. (8).

Ap — Az; _ Az;
"7 Cicos; Cin/1 — (pC;)2
Az;Cip (8)
Ay; = Az;tan6; =

V1= (pC)?
where p is a constant and satisfies the Snell law given by
Eq. (9).
sin 6y _ sin 6; _
G G

sin 6;41
= 9
Cit1 P ©)

Based on Eq. (8), the total propagation time ¢, the total
horizontal displacement y; and the depth displacement
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Let the number of observations m be one,
the size of the observation data buffer be n.

!

Real-time acquisition of acoustic observations
in the i-th group.

No
@4—{ The data collection of the i-th group is completed.

_Yes Is the SVP known? _No

Store live observations
to the data buffer.

Y y
Calculate the distance S by acoustic ray Calculate the distance S combining the
tracing combining the known SVP and the surface sound velocity ¢ and the one-way
one-way acoustic wave propagation time ¢. acoustic wave propagation time t (S=ct).

! !

Establish the intra-group acoustic positioning Establish the intra-group acoustic positioning
model based on the common observation model based on the observation weighting
weighting strategy. strategy considering the incidence angle.

| |
!

Solve the intra-group acoustic positioning model.

!

| The coordinates of geophones from the i-th group. |

|

Synthesize the intra-group positioning results of the i-th (i > 1)
and the (i-1)-th group based on the sequential adjustment model.

Baarda’s putlier
detection

End

Fig. 2 The flow chart of the SQ acoustic positioning method

z; of the sound wave after passing through the i-th water
layer are given as follows:

i i i
ti = Z Aty,y; = Z Ay, zi = Z Az
k=1 k=1 k=1

Determine whether the acoustic ray tracing should be
finished is based on the observed one-way propagation
time 7. When ¢ is less than T, the acoustic ray tracing
of the next layer should be continued. When ¢, is greater
than 7, stop the acoustic ray tracing and check whether

(10)

there exists over-tracing. If ¢; is still less than T after the
acoustic ray tracing in each water layer is completed, the
horizontal and vertical displacements for the missing
time should be complemented based on the sound veloc-
ity of the last water layer. Once the acoustic ray tracing is
completed, the geometric distance §;,, between the ship-
borne transducer at the j-th observation epoch and the
m-th geophone can be obtained with Eq. (11):

Sjm =1/ y* + 22

(11)
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Fig. 3 The data buffer size setting of different ship speeds under the same geometric structure, where the glowing white dot indicates
the geophone. a The speed of the surveying ship is fast; b The speed of the surveying ship is slow

where y and z are the total horizontal and depth displace-
ments of the sound wave at the j-th observation epoch.
Finally, the distance observation can be weighted accord-
ing to Eq. (12).
P =1/S;, (12)

(2) The weighting strategy for acoustic observations
when the SVP is unknown.

Considering the efficiency and cost, the SVP is rarely
collected in the ocean bottom seismic exploration.
Consequently, the distance between the ship-borne
transducer and the geophone, calculated by multiplying
the sound velocity on the sea surface by the one-way
propagation time of the acoustic wave, deviates signifi-
cantly from the actual value. Therefore, it is necessary
to redefine the weighting strategy for acoustic observa-
tions. By differentiating the second and third equations
in Eq. (10), we can derive the following formula:

“ Az;do;
- cos? 6;

dy=d (Z Ayi> = Z tan 0;d (Az;) +
i=1

i=1

dz = d(Z Az,») =) drz)
i=1 i=1

i=

(13)
By differentiating Eqs. (9), (14) can be obtained.
C; cos by
do; = ———dob
! Co cos 6; 0 (14)

By combining Eq. (13) and Eq. (14), the relation
between the accuracy of acoustic ranging os and
the accuracy of the initial incidence angle oy, can be
obtained based on the law of variance propagation, as
shown in Eq. (15). The detailed derivation process is
given in the Appendix.
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. yC cos o Z Az C; o
ST T ST ’
72\ /(G - cheinten)”
(15)

In the ocean bottom seismic survey, the SVP is
unknown, which means the distance observations are
directly calculated by multiplying the surface sound
velocity C, and the one-way propagation time of acous-
tic wave. The following formula exists:

{Ci:CO

sin 6; = sin 6y (16)

Substituting the above formula into Eq. (15), we can
obtain the following formula:

os = (ztan 6y sec 6p)og, (17)

Based on Eq. (17), the weighting strategy for distance
observations can be derived in the absence of SVPs.
Firstly, set the acoustic ranging accuracy of an initial
incident angle whose acoustic ranging error is small as
the reference value. Then, the weight of distance obser-
vations at the j-th observation epoch can be calculated
by Eq. (18):

of

2 2yl ref
Zref tan” 6,

2
sec” 0

pj = (18)

24020 a2 pf
z; tan~ ¢, sec* 6,

where Ogef and 69 are the initial incident angles corre-
sponding to the reference observation and the j-th obser-
vation, obtained by Eq. (19), respectively, and z,; and
z; are the water depths corresponding to the reference
observation and the j-th observation, respectively.

V% = x9)% + (1, - v9)°
Zj— 79

m

0/ = arctan (19)

In Eq. (19), (X, Y}, Z)) are the coordinates of the ship-
borne transducer at the j-th observation epoch and
(X2,Y0,79) are the approximate coordinates of the -
th seafloor geophones.

Equation (18) gives the weighting method for acous-
tic observations when the SVP is unknown. At present,
there are some weighting methods based on the inci-
dent angle of sound waves, most of which are functions
of the initial incidence angle of sound waves, and the
model parameters need to be solved from the known
observed values. Therefore, compared with the exist-
ing weighting method based on the incidence angle of
sound waves, the proposed method is simpler and more
suitable for real-time data processing.
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The outlier elimination of acoustic observations
Baarda’s outlier detection method is adopted to itera-
tively identify and remove outliers in the process of
solving the intra-group acoustic positioning model. The
flow chart of this process is presented in Fig. 4. After
solving the intra-group acoustic positioning model,
the n-dimensional correction vector V of the observa-
tions and its covariance matrix Q,, can be obtained, as
shown in Eq. (20).
-1

Q, =P ' - B(BTPB) BT (20)
where P represents the weight matrix of the acoustic
observations within the same group, matrix B has the
same meaning in Eq. (7).

Denote the element of Q,, in row i and column i
as Qy,,- Given the null hypothesis Hy: E(v;) =0, indicat-
ing the absence of outliers within the group, and con-
sidering v; follows the normal distribution with variance
Gg Qv,v;» the standard normal distribution statistic shown
in Eq. (21) can be constructed.

[vil il

004/ QV,‘V,‘ Oy,

With significant level a, if u; is greater than u,,, the null
hypothesis H,, is rejected, which means the i-th acoustic
observation L; is an outlier and should be eliminated.
Then continue to detect whether the next observation is
an outlier until all observations have been detected.

(21)

The synthesis of acoustic positioning results between groups
The final step of the SQ acoustic positioning method is
to synthesize the acoustic positioning results of differ-
ent groups through sequential adjustment. Let L, ; and L;
represent the acoustic observation vectors in the (i-1)-th
and i-th periods, respectively, and their weight matrices
are P, and P;, as shown in Eq. (22), in which O is the
zero matrix, the sizes of P, ;, P; and O are determined by
the number of observations.

L1
L= :
("%')
_(Pi_1 O
e ( (0] Pi>
If there is no correlation between the observations, the

error equations corresponding to the two periods can be
expressed as the following equation:

Via=Bi1x—1i
V,=Bix —;

(22)

(23)
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Solve the intra-group acoustic positioning model.
The n-dimensional correction vector V of the
observations and its covariance matrix Q,,.
i=1
Construct the standard normal distribution statistic u P
corresponding to the i-th observation. -
Find the normal distribution table to obtain the fractile
Uy, under the corresponding confidence a.
Yes No
[ul>Ug,?
The i-th observation is an outlier. The i-th observation is a normal
Remove the i-th observation. observation.
Yes
i=i+1
No
End
Fig.4 The flow chart of eliminating outliers
where X =Xo+4% Ili=Li—SKtk=i—1,i), X, ) -1
. . 0 0 X = <B'T_1P,;13,;1 +B~TPL'BL') BTPZ'IL‘ (25)
denotes the approximate coordinate vector of geophones, i i i

and Slg represents the distance vector between ship-borne
transducer and geophones calculated based on X,. By
solving the first formula in Eq. (23), we obtain the coor-
dinate corrections of the (i-1)-th period x;_1, as shown
in Eq. (24)

A T “lor

Xi1= (Bi_lpileifl) B;_\P; 1l 1 (24)
Let ii =1l; — B;x;_1, then the coordinate correction

vector of the i-th period can be given by Eq. (25) (Cui
et al., 2015).

Subsequently, the coordinate vector of geophones, which
combines the intra-group positioning results in the (i-1)-th
and i-th periods can be given in Eq. (26).

X =Xo+x; (26)

The comprehensive posterior standard deviation &y
is given in Eq. (27), where # is the sum of the number of
observations in the two periods and k is equal to three
times the number of geophones.

b0 = \/(ViT_lpi_IVi_l + &IP3 + VtTPl'V,v)/(n —k)
(27)
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The specific calculation method of each parameter in
the above formula is provided by Eq. (28).

. 7 (28)
Vi=Bixi— i

{ Vi1 =Bi1%xi-1 — i1
Since the observations under different incident angles
have been distinguished when the observations are
weighted, this method can reduce the influence of low-
quality observations on high-quality ones, enhance cal-
culation efficiency, and ensure optimal utilization of
high-quality observations.

Experiment and analysis

To assess the practicability and accuracy of the pro-
posed method, the simulation and field experiments are
performed.

Simulation experiment

The simulation experiment is carried out first to test the
effectiveness of the proposed method. Assuming the
deployment of ten geophones at a water depth of 100 m
with an approximate spacing of 50 m between adjacent
geophones, and the design coordinates of the geophones
are given in Table 1. Let the seismic survey ship go
around geophones to conduct traveling observation, the
two-dimensional track map is shown in Fig. 5a.

Utilizing the SVP depicted in Fig. 6b, in conjunction
with the real-time coordinates of the ship-borne trans-
ducer and the actual coordinates of geophones, the
inverse operation of acoustic ray tracing is employed to
calculate the theoretical initial incidence angle and one-
way propagation time for each observation epoch (Sakic
et al,, 2018, 2020). The results are given in Fig. 6.

Based on the initial incident angle and one-way prop-
agation time of the sound wave obtained through the

Table 1 The coordinates of geophones in the simulation
experiment. The letter “N’,"E"and “U" represent the north, east and
depth direction

Point name N (m) E (m) U (m)
Gl —250.026 0.078 - 100
G2 —199.834 —0.045 - 100
G3 —150.183 0.147 - 100
G4 —100.155 —0.060 - 100
G5 -50.119 0.093 -100
G6 0.159 —-0.19 - 100
G7 49.840 -0.014 —-100
G8 99.868 0.173 —-100
G9 149.937 0.100 - 100
G10 199.984 0.115 - 100
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inverse operation of the acoustic ray tracing in Fig. 6, the
acoustic ray tracing is performed again. The mean and
standard deviation of the differences between the acous-
tic ray tracing results (vertical displacement AZ, horizon-
tal displacement AD, and geometric distance AS) and the
actual values are calculated, as in Table 2.

It can be seen from Table 2 that the difference between
the geometric distance obtained by acoustic ray trac-
ing and the actual value is within 5 cm. This disparity is
attributed to the error in acoustic ray tracing and can be
considered as an observation error during the field inves-
tigation. The methods given in Table 3 are employed to
determine the coordinates of geophones.

In Table 3, “Basic” represents the basic acoustic posi-
tioning model and “SQ” represents the SQ acoustic posi-
tioning model. C) is the sound velocity on the sea surface.
Acoustic observations include initial incidence angles
of sound waves and geometric distances between the
shipborne transducer and geophones. When the SVP is
known, acoustic observations are calculated by ray trac-
ing, otherwise, obtained based on Eq. (19). When the
ratio of outliers exists, outliers equivalent to 5 percent of
the total number of observations are introduced to the
original acoustic observations. If Baarda’s outlier detec-
tion method is used to remove outliers, the significant
level « is set to 0.025 to achieve the 95% confidence level,
and the critical value #,,, is 1.96.

Figures 7, 8, and 9 show the differences between the
geophone coordinates obtained by each method and
the actual values in Table 1. Table 4 presents a posterior
standard deviation (o) of positioning models in method 1
to method 7. Table 5 gives the positioning errors (AP) in
method 1 to method 7.

The following conclusions can be drawn from Table 4
and 5:

(1) When the SVP is known, both the basic acoustic
positioning model in method 1 and the SQ posi-
tioning model in method 2 achieve accuracy at mil-
limeter level. The coordinate differences between
the positioning results with these two models and
the actual values are approximately 10 cm. The rea-
son for the smaller positioning error with the basic
acoustic positioning model in method 1 than that
with the SQ positioning model in method 2 is the
greater number of redundancies in the former than
that in the latter.

(2) When the SVP is unknown, the positioning accu-
racy of the basic acoustic positioning model in
method 3 lowers to 20 cm. The coordinate dif-
ferences between the positioning results and the
actual values reach the meter level, especially in the
depth direction. On the other hand, the SQ posi-
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tioning model in method 4 maintains an accuracy
of 10 c¢cm, with coordinate differences remaining

around 20 cm.

(3) After introducing outliers to the original acoustic

observations, the positioning accuracy of the basic
acoustic positioning model in method 5 diminishes
significantly, exceeding 1 m. and the coordinate
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Table 2 The statistical result of the differences between the acoustic ray tracing results and the actual values.“Ave”is the symbol of the
average value, “Std"is the symbol of the standard deviation

Point name AZ (m) AD (m) AS (m)

Ave Std Ave Std Ave Std
Gl 0.111 0.103 0.041 0.028 0.041 0.028
G2 0.110 0.105 0.043 0.029 0.042 0.029
G3 0.115 0.106 0.040 0.030 0.047 0.031
G4 0.094 0.085 0.041 0.031 0.046 0.030
G5 0.095 0.077 0.041 0.029 0.042 0.029
G6 0.099 0.075 0.042 0.030 0.043 0.029
G7 0.101 0.078 0.040 0.029 0.043 0.031
G8 0.095 0.075 0.043 0.029 0.043 0.029
G9 0.094 0.084 0.042 0.029 0.045 0.029
G10 0.112 0.102 0.042 0.030 0.045 0.029
Table 3 The methods employed to determine the coordinates of geophones
Method Model SVP Co (m/s) Acoustic observations Ratio of Outlier detection Data buffer

outliers

1 Basic Known / Ray tracing / / /
2 SQ Known / Ray tracing / a=0.025 15
3 Basic Unknown 1466.30 Equation (19) / / /
4 SQ Unknown 1466.30 Equation (19) / a=0.025 15
5 Basic Unknown 1466.30 Equation (19) 5% / /
6 Basic Unknown 1466.30 Equation (19) 5% a=0.025 /
7 SQ Unknown 1466.30 Equation (19) 5% a=0.025 15

differences reach the meter level. The positioning
accuracy of the basic acoustic positioning model
with Baarda’s outlier detection in method 6 remains
at a similar level as before, but the coordinate differ-
ences also reach the meter level. Conversely, the SQ
positioning model in method 7 achieves an accu-
racy of approximately 10 cm, centimeter-level in
most cases, and the coordinate differences are sta-
ble in about 20 cm.

The following conclusions can be drawn from Figs. 7,
8,and 9:

(1) It is evident from Fig. 7 that when the SVP is

unknown, the coordinate differences between the
geophone coordinates obtained by the SQ acous-
tic positioning method and the true values in the
north direction are much smaller than those of the
basic acoustic positioning model. When the SVP
is known, the coordinate differences of the basic
acoustic positioning model align with those of the
SQ acoustic positioning method in the north direc-
tion. This suggests that the proposed method in this

2)

paper is more suitable for ocean bottom seismic
exploration without SVPs.

Figure 7 also reveals that the coordinate differences
between the positioning result of the basic acoustic
positioning model and the true values in the north
direction are related to the location of geophones.
Geophones G5 and G6 exhibit smaller coordinate
differences in the north direction as they are in the
center of the trajectory. However, no similar trend
appears in the SQ acoustic positioning method,
indicating that the proposed method has a wider
scope of application.

Figure 8 demonstrates that the coordinate differ-
ences among the methods in the east direction are
consistently small. Additionally, the coordinate dif-
ferences of the basic acoustic positioning model
in the east direction are generally smaller than
the differences in the north direction. This can be
attributed to the smaller span of the track in the
east—west direction compared to the north—south
direction. Additionally, the incidence angles of
acoustic waves change gradually when the sur-
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Table 4 The posterior standard deviation of positioning models in method 1 to method 7

Pointname Standard Standard Standard Standard Standard Standard Standard
deviation o, of  deviation o, of  deviationo; of deviationo,of deviationo;of deviation osof  deviation o, of
method 1 (m) method 2 (m) method 3 (m) method 4 (m) method 5 (m) method 6 (m) method 7 (m)
G1 0007 0006 0192 0216 1.146 0.195 0224
G2 0007 0005 0215 0227 1.154 0219 0233
G3 0009 0010 0237 0212 1133 0241 0.199
G4 0.009 0.003 0250 0.190 1.120 0251 0.199
G5 0.004 0.002 0256 0.128 1.039 0257 0131
G6 0,007 0.006 0256 0134 0982 0.261 0139
G7 0.008 0.003 0.250 0113 0.980 0256 0.114
G8 0.006 0004 0237 0086 1136 0241 0088
G9 0.009 0.005 0214 0.064 1.090 0217 0.068
G10 0004 0002 0.190 0053 1.047 0.193 0056
Table 5 The positioning errors in method 1 to method 7
Point name Positioning Positioning Positioning Positioning Positioning Positioning Positioning error
error AP, of error AP, of error AP; of error AP, of error AP; of error APy of AP, of method
method 1 (m) method 2 (m) method 3 (m) method 4 (m) method 5 (m) method 6 (m) 7 (m)
€] 0.118 0.181 4.300 0.353 4435 4.298 0.359
G2 0.029 0.108 4.560 0.165 4.705 4.555 0.172
G3 0.131 0.224 4.744 0.102 4.959 4777 0.085
G4 0.138 0.190 4.624 0.205 4.749 4.608 0.207
G5 0.007 0.070 4.696 0.104 4.758 4.637 0.108
G6 0.053 0.134 4.695 0.044 4.871 4.705 0.041
G7 0.093 0.194 4.780 0.225 4.948 4.782 0.229
G8 0.051 0.111 4.648 0.165 4.830 4.660 0.167
G9 0.115 0.173 4.360 0.256 4.523 4.369 0.261
G10 0.002 0.063 4411 0.062 4529 4.386 0.068
vey ship sails in the east—west direction, resulting establishing the positioning model. A comprehen-
in similar quality of acoustic observations within sive comparison of method 1 to method 7 reveals
the same group. Conversely, the incidence angle that, except for method 1, which relies on accurate
changes drastically when the survey ship moves in acoustic ray-tracing results, the basic acoustic posi-
the north—south direction. tioning model exhibits lower accuracy compared to
(4) Figure 9 illustrates that the differences between the the SQ acoustic positioning model. Furthermore,
geophone coordinates calculated by the SQ acoustic the positioning error of the basic acoustic position-
positioning method in this paper and the actual val- ing model is significantly larger than that of the SQ
ues in the depth direction are considerably smaller acoustic positioning model achieving decimeter or
than those of the basic acoustic positioning model, centimeter level. This discrepancy can be attributed
which greatly improves the positioning accuracy of to the fact that the SQ acoustic positioning model
the basic acoustic positioning model in the depth distinguishes acoustic observations based on their
direction. incidence angles, thereby enhancing the utilization
(5) Method 1, method 3, method 5, and method 6 are of high-quality observations obtained at smaller

all based on the basic acoustic positioning model,
which uses all original acoustic observations. On
the other hand, method 2, method 4, and method
7 utilize the SQ acoustic positioning model, which
involves grouping the acoustic observations before

incidence angles.

The above experimental results can prove the robust-
ness and accuracy of the SQ acoustic positioning method
proposed in this paper.
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Field experiment

To assess the practicability of the proposed method in
the actual ocean bottom seismic exploration, an experi-
ment was carried out using the data in a field survey
conducted in the Bohai Sea, China on April 25, 2012.
The field experiment was carried out on the 516 fleet of
BGP INC., China National Petroleum Corporation. The
acoustic positioning system is BPS developed by BGP
INC,, including four parts: master machine, transducer,
encoder, and transponder (Fig. 10). The transmitting
sound source level of the transducer and transponder is
185 dB and their receiving sensitivity is —195 dB. The fre-
quency of sound waves is 34—50 kHz.

The area of the field survey is shown in Fig. 11a, with
a water depth of about 15 m. A total of 19 acoustic tran-
sponders were deployed to the sea bottom, and three of
them were performed the circle-sailing positioning. The
sailing trajectory and the design positions of seafloor
transponders are given in Fig. 11b.

The number of original acoustic observations (the
one-way propagation time of acoustic wave) correspond-
ing to each seafloor transponder is given in Fig. 12. The
incidence angle calculated by Eq. (19) and the observed
one-way propagation time of acoustic wave are given in
Fig. 13.

As can be seen from Fig. 13, the shallow water depth
results in large initial incidence angles of the acoustic
waves, with some angles even approaching 90 degrees.
Additionally, there are outliers in the observed one-way
propagation time. Because of the fast-sailing speed of the
survey ship, the initial incidence angles change rapidly,
for which the data buffer size of the SQ acoustic position-
ing method should be reduced. It is worth noting that a
minimum of three observations is required to calculate
the coordinates of the geophone. Therefore, to ensure the
redundancy of the acoustic positioning model and con-
sistency in the quality of observations within the same
group, the data buffer size is set to 5 in this experiment.

Since the SVP of the water was not collected during the
field survey, only the basic acoustic positioning model
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in method 3 and the SQ acoustic positioning model in
method 4 were used to determine the coordinates of the
19 seafloor transponders, in which the sound velocity on
the sea surface is 1452.70 m/s. The posterior standard
variance of the two models is shown in Fig. 14.

As depicted in Fig. 14, the posterior standard deviation
of the basic acoustic positioning model is 0.5 m approxi-
mately, while that of the SQ acoustic positioning model is
much smaller, less than 0.1 m. It is evident that the more
observations, the higher the accuracy of the proposed
method, and the greater the accuracy improvement com-
pared with the basic acoustic positioning model. There-
fore, in the field survey, it is advisable to increase the
number of observations.

Taking the results of circle-sailing positioning as the
reference, the differences between the coordinates of
transponders obtained by the two models and the results
of circle-sailing positioning are given in Table 6, where
“AP” represents the positioning error and equal to the
quadratic root of the sum of squares of AN, AE and AU

Table 6 reveals that the positioning error between the
SQ acoustic positioning model and the circle-sailing
positioning are smaller than those of the basic acoustic
positioning model, indicating the high accuracy of the
proposed method. The primary disparity between the
basic acoustic positioning and the circle-sailing position-
ing lies in the depth direction, aligning with the notion
that the accuracy of the basic acoustic positioning model
in the depth direction is relatively low. In conclusion, the
proposed method proves to be effective and practical in
ocean bottom seismic exploration.

To verify the influence of the data buffer size on posi-
tioning results, the field experiment was repeated with
the data buffer size of 4, 6, 7, and 8, respectively. The pos-
terior standard deviations of the SQ acoustic positioning
method under different data buffer sizes are shown in
Fig. 15.

From Fig. 15, it can be observed that when the data
buffer size is set to 7 and 8, the posterior standard
deviations of G15 and G17 exceed 1 m. Conversely, the

Fig. 10 The BPS acoustic positioning system: a master machine, b transducer, c encoder, d transponder
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Fig. 12 The number of the observed one-way propagation time of acoustic waves

posterior standard deviations of the other geophones
remain at the centimeter level with small variation. To
understand the significant fluctuations in the posterior
standard deviations of G15 and G17, it was analyzed in
conjunction with Fig. 12. It was discovered that there
were only 45 and 47 observations for G15 and G17,
respectively, and the collections of these observations
were not continuous, for which the data quality within
the same group becomes more pronounced when the

data buffer size is larger. This finding validates the ration-
ality of setting the data buffer size based on the speed of
the ship.

Discussion

Comparison with a similar method

In 2019, a multi-objective sequential solution method
was proposed (Liu et al., 2019), which sets threshold
values according to the incidence angle of acoustic
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waves and solves the correction values of acoustic rang-
ing results in different incidence angle intervals based
on sequential adjustment, including two models of par-
ametric (called “US(B) model” for short) and modeling

(called “US(M) model” for short) of sound line bending.
In this section, the data from simulation experiments
will be used to compare the US(B) model, the US(M)
model, and the proposed method. In the US(B) model

Table 6 The coordinate differences between the basic acoustic positioning model, the SQ acoustic positioning model and the circle-

sailing positioning

Point name Results of the basic acoustic positioning model (m) Results of the SQ acoustic positioning model (m)

AN AE AU AP AN AE AU AP
G6 0.040 0.041 0.286 0.292 0.061 0.102 0.061 0.134
G 0.050 0.068 0315 0.326 0.058 0.093 0.023 0.112

G15 0.021 0.030 0427

0429 0.064 0.109 0.220 0.254
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Fig. 15 The posterior standard deviation of the SQ acoustic positioning model under different data buffer sizes, where the data buffer size 7
and 8 correspond to the secondary vertical axis. (unit: meter)
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and the SQ acoustic positioning model

and US(M) model, the incidence angles of sound waves
are grouped by 1°. The differences between the geo-
phone coordinates obtained with each method and the
actual value are shown in Figs. 16, 17, 18. The posterior
standard deviations and positioning errors correspond-
ing to the three methods are given in Table 7.

As can be seen from Table 7, compared with the tra-
ditional acoustic positioning model, the positioning
accuracy with the US(B) model and the US(M) model is
greatly improved. Overall, the accuracy with the US(M)
model and the SQ acoustic positioning model is com-
parable, and the two models are more accurate than the
US(B) model. It can be seen from Figs. 16, 17, 18 that the
positioning errors of horizontal coordinates of the three
models are similar, but the positioning error of the SQ
acoustic positioning model is smaller than that of the
US(B) and US(M) models in the depth direction.

In addition, the US(B) and US(M) models use all the
observations corresponding to each geophone, and the
object of sequential adjustment is to get the corrections
of the acoustic ranging results in different incidence
angle intervals. The SQ acoustic positioning model takes
in the observations in the preset data buffers of each
geophone, and the object of sequential adjustment is to
get the coordinates of geophones. The three models can
improve the efficiency of data resolution, but the differ-
ences in their principles lead to different usage scenarios.
The SQ acoustic positioning model can be used for real-
time positioning of geophones in the measurement pro-
cess, while US(B) and US(M) models are suitable for fine
processing in data post-processing.

The range of incidence angles of high-precision acoustic
ranging in different water depths

In different water depths, the distance calculation
error, which refers to the discrepancies between the

geometric distance calculated using the sound veloc-
ity on the sea surface and the results obtained through
acoustic ray tracing, varies significantly. The range of
incidence angles corresponding to the smaller distance
calculation errors, known as the “suitable incidence
angle interval’, differs across different water depths.
When an initial incidence angle exceeds the suitable
incidence angle interval, the large distance calcula-
tion error lowers the accuracy of acoustic positioning.
Therefore, it is necessary to set a suitable incidence
angle interval, beyond which acoustic observations
will not be included in the acoustic positioning model.
Figure 19 depicts the relationship between the initial
incident angle of acoustic waves and the distance calcu-
lation error in different water depths.

As depicted in Fig. 19, it is evident that under the same
water depth, a larger initial incidence angle of the acous-
tic wave corresponds to a greater distance calculation
error. Similarly, at the same incident angle, the distance
calculation error increases with deeper water depths. To
eliminate the acoustic observations with large distance
calculation errors, it is necessary to predefine the acous-
tic data acquisition range of the survey ship by consider-
ing both the ranging accuracy and water depth. Set the
water depth as D and begin to collect acoustic observa-
tions when the distance between the seismic geophones
and the survey ship is S. Firstly, the appropriate inter-
val of incidence angle [6,, 6,] under the current water
depth can be determined based on the ranging accuracy
requirements. For example, at a water depth of 500 m, if
the relative distance calculation error should be less than
5%, implying the distance calculation error should be less
than 25 m, the appropriate interval of incidence angle
should be set to [10°, 60°] according to Fig. 19, and then
the acoustic data acquisition range S can be obtained
according to Eq. (29).
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D/tan@z §S§D/tan91 (29)

The applicable water depth of the SQ acoustic positioning
method

The positioning accuracy of the SQ acoustic positioning
method under varying water depths is given in Fig. 20.
As can be seen from Fig. 20, when the water depth is
less than 5 m, the positioning accuracy of the SQ acous-
tic positioning method is low. However, when the water
depth is about 30 m, the positioning accuracy reaches its
peak, achieving centimeter-level precision. As the water
depth increases, the positioning accuracy decreases grad-
ually. Beyond a water depth of 200 m, the positioning
accuracy falls below 0.2 m, and for water depths exceed-
ing 400 m, the accuracy drops below 0.5 m.

In summary, the SQ acoustic positioning method
exhibits high accuracy for the water depth ranging from
30 to 200 m, the most suitable range for the proposed
method in this study. For water depths below 5 m or
exceeding 400 m, the positioning accuracy with the pro-
posed method is lower than 0.5 m. In such cases, the
acoustic positioning and first break positioning can be
combined to accurately locate the geophone.

Conclusion

Addressing the limitations of the current acoustic posi-
tioning method for seismic geophones, such as ineffec-
tive outlier removal in acoustic observations, incomplete
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Fig. 19 The relationship between the initial incident angle
and the distance calculation error in different water depths (different
colors represent different water depths)

utilization of high-precision data, and low computa-
tional efficiency, this paper proposes a rigorous real-time
acoustic positioning method for geophones.

In the proposed method, the acoustic observations
are grouped first to establish the intra-group position-
ing model. To effectively identify and eliminate outli-
ers in the acoustic observations, an outlier detection
algorithm is incorporated in the solution of the intra-
group positioning model. By adjusting the weight of
observations, the proportion of positioning results

Table 7 The posterior standard deviations and positioning errors of the US(B) model, the US(M) model, and the SQ acoustic

positioning model

Point name Results of US(B) model (m) Results of US(M) model (m) Results of SQ model (m)
Og APy (4% APy, Osq AP,
G1 0.089 0.483 0.033 0.238 0.216 0.353
G2 0.105 0117 0018 0211 0.227 0.165
G3 0.235 0.267 0.049 0.131 0.212 0.102
G4 0374 0.387 0.118 0.157 0.190 0.205
G5 0.467 0.196 0.216 0.285 0.128 0.104
G6 0.525 0.982 0.289 0.256 0.134 0.044
G7 0367 0.739 0.297 0.294 0.113 0.225
G8 0.144 0111 0.202 0.556 0.086 0.165
G9 0.073 0.137 0.072 0.105 0.064 0.256
G10 0.064 0.261 0.034 0.117 0.053 0.062
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Fig. 20 The positioning accuracy of SQ acoustic positioning method under different water depths (unit: meter)

using high-quality data groups is increased while the
proportion using low-quality data groups is reduced.
This approach effectively avoids wasting high-quality
observations by mixing them with all observations in
the establishment of the positioning model. In addition,
only the positioning results of the previous data group
need to be stored, alleviating memory pressure. It is
proved by experiments that the proposed method is
effective and practical in seafloor seismic exploration.
Experimental results demonstrate that the proposed
method can achieve centimeter-level positioning accu-
racy, with a positioning error of approximately 20 cm in
the absence of SVPs.

Appendix
Substituting Eq. (14) into the first formula in Eq. (13), we
can obtain Eq. (30).

n
dy = Z tan 0;d (Az;) + Cg cos b
i=1
(30)
n
Az;C;
zZiCij dbo

=1 \/(Cg — Ci2 sin? 00)3

By differentiating Eq. (11), we can obtain Eq. (31).

ydy + zdz
/y2 + 22

Then, Eq. (32) can be obtained by substituting Eq. (13)
and (30) into Eq. (31).

as = (31)

Az, C;

n
4 Z tan 0;d (Az;) + Cg cos 6y

Vyr+2 o

as =

dbo (32)

=1 \/(Cg — Cl-2 sin? 90)3

m Z d(Az;)
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Since the height of each layer of the SVP is known, that
is, d(Az,) is equal to zero, Eq. (32) can be simplified as
Eq. (33).

2 n
S — yCozcos 9;) Z Az;C; 3 6,
VY +zm \( O \/(cg — C?sin?6p)
(33)
Based on the law of variance propagation, the rela-
tion between the accuracy of acoustic ranging os and

the accuracy of the initial incidence angle oy, can be
obtained, as shown in Eq. (15).
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