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Abstract 

Although global navigation satellite systems (GNSS) have been routinely applied to determine attitudes, there exists 
no literature on determining angular velocity and/or angular acceleration from GNSS. Motivated by the invention 
of computerized accelerometers of the correspondence author and following the success of accurately recover-
ing translational velocity and acceleration waveforms from very high-rate GNSS precise positioning by Xu and his 
collaborators in 2021, we propose the concept of GNSS gyroscopes and reconstruct angular velocity and accelera-
tion from very high-rate GNSS attitudes by applying regularization under the criterion of minimum mean squared 
errors. The major results from the experiments can be summarized in the following: (i) angular velocity and accelera-
tion waveforms computed by applying the difference methods to high-rate GNSS attitudes are too noisy and can 
be physically not meaningful and numerically incorrect. The same can be said about inertial measurement unit 
(IMU) attitudes, if IMU gyros are not of very high accuracy; (ii) regularization is successfully applied to reconstruct 
the high-rate angular velocity and acceleration waveforms from 50 Hz GNSS attitudes and significantly outperforms 
the difference methods, validating the proposed concept of GNSS gyroscopes. By comparing the angular velocity 
and acceleration results by using the difference methods and regularization, we find that the peak values of angular 
velocity and acceleration by regularization are much smaller by a maximum factor of 1.57 in the angular velocity 
to a maximum factor of 8662.53 times in the angular acceleration in the case of high-rate GNSS, and by a maximum 
factor of 1.26 in the angular velocity to a maximum factor of 2819.85 times in the angular acceleration in the case 
of IMU, respectively; and (iii) the IMU attitudes apparently lead to better regularized angular velocity and acceleration 
waveforms than the high-rate GNSS attitudes, which can well be explained by the fact that the former is of better 
accuracy than the latter. As a result, to suppress the significant amplification of noise in GNSS attitudes, larger regulari-
zation parameters have to be chosen for the high-rate GNSS attitudes, resulting in smaller peak angular accelerations 
by a maximum factor of 37.55 percent in the angular velocity to a maximum factor of 6.20 times in the angular accel-
eration in comparison of the corresponding IMU results. Nevertheless, the regularized angular acceleration waveforms 
for both GNSS and IMU look more or less similar in pattern or waveform shape.
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Introduction
Attitude information represents the three-dimensional 
(3D) orientation of an object or body relative to a refer-
ence frame, e.g., the East-North-Up/Down system, at a 
certain time, plays an increasingly more important role 
and finds many applications in different areas of science 
and engineering. In positioning, navigation, mapping, 
guidance and control, attitude is used to connect the 
motion of an object such as spacecraft, vehicles, ships 
and unmanned vehicles in the air or under water at dif-
ferent time epochs (see e.g., Cohen 1992; Cohen et  al., 
1993; Eling et  al. 2015; Lachapelle et  al., 1996; Lu 1995; 
Lu et  al., 1994; Kinsey et  al., 2006; Shu et  al., 2022; Xu 
et al., 2019). It is also essential for spacecraft rendezvous 
and docking (see e.g., Bashnick & Ulrich 2023; Segal et al. 
2014; Zhao & Zhang 2022). In geophysics and seismol-
ogy, although rotational motion due to earthquakes is 
small (Reid 1910), precise modern attitude technology 
makes it possible to measure a small rotation, which 
leads to a new research direction for seismology, namely, 
rotational seismology (see e.g., Igel et al., 2007; Lee et al., 
2009; Takeo 2009). Global navigation satellite systems 
(GNSS) can also become a potential technology to con-
tribute to rotational seismology (Xu et al., 2019). Mobile 
robot location and autonomous navigation could not 
be possible without attitude either (see e.g., Hashim & 
Lewis 2021; Islam et  al., 2019; Royer et  al., 2007). With 
more cameras installed in public areas, attitude has been 
shown to be essential in pose determination and track-
ing of human beings and moving objects (see e.g., De 
Vito et al., 2016; Fujiwara & Yokomitsu 2021; Linnainmaa 
et al., 1988; Richards 1999), detecting dangerous objects 
(Fujii et  al., 2020), playing a key role in medical health 
care and rehabilitation (De Vito et al., 2014; Endo et al., 
2023), predicting children’s behavior to prevent fall acci-
dents (Nose et al., 2020), and even recognizing the smok-
ing poses of people (Jeong & Ha 2023).

Attitude can be directly measured with physical instru-
ments. Gyroscopes have been well known to directly 
measure the attitude or angular rotation of a body, since 
Foucault invented gyroscopes to demonstrate the Earth’s 
rotation in 1852 (see e.g., Bertrand 1857; Bennett 1970; 
Sommeria 2017; Passaro et al., 2017; Tobin 2023), though 
its play origin was reported to be with the Chinese spin-
ning top. They can basically be classified into three dif-
ferent classes: mechanical, optical and vibratory, because 
they are designed and fabricated with different principles 
of physics and technology (see e.g., Armenise et al., 2010; 
Cordeiro 1913; Passaro et  al., 2017; Yazdi et  al., 1998). 
The first two classes of gyroscopes essentially measure 
augular rotations, while the third class is to reconstruct 
angular rates through sensing physical effects. More 
precisely, conventional gyroscopes are all mechanical 

and work after the physical principle of conservation of 
angular momentum that a rigid body rotating or spinning 
at a high speed around an axis maintains its orientation 
with respect to an inertial space. They have successfully 
been applied in airplane, spacecraft and satellite naviga-
tion. Nevertheless, mechanical gyroscopes are difficult to 
miniaturize and a slight external force will substantially 
change the plane of rotation after a sufficiently long time 
(Cordeiro 1913). The second class of gyroscopes are opti-
cal, which operates on the physical basis of Sagnac effect. 
If a light wave is split into two beams travelling along a 
rotating ring in opposite directions, Sagnac effect states 
that the time difference between the two light beams fin-
ishing their travels in the ring is proportional to the angu-
lar rotation of the ring. As a result, Sagnac effect has been 
widely implemented to design and fabricate optical gyro-
scopes such as Ring Laser Gyros and Fiber-optic gyro-
scopes. Major problems with optical gyroscopes include: 
(i) null shift in the case of zero angular rate, which is not 
predictable and time-varying; (ii) scale factor, which may 
not be equal to its nominal value; and (iii) if the angular 
rate is below a critical value, the two beams of light are 
locked and no measurement of Sagnac effect is possible. 
The third class of gyroscopes are vibratory gyros, which 
use Coriolis effect to measure rotational rates. Because 
vibratory gyros do not require a large ring nor a spinning 
mass and can be technologically miniaturized, all micro-
electromechanical system (MEMS) gyroscopes belong to 
this class. For more details, the reader is referred to, for 
example, Armenise et al. (2010).

Attitude can also be indirectly determined from meas-
urements such as GNSS and video images. The basic 
idea of all indirect methods to determine the attitudes of 
a rigid body in the 3D space is to first select three non-
collinear points on the body, determine their 3D coordi-
nates and then use them to compute the rotational angles 
of the body (or equivalently, the orientation of the plane 
defined by the three points) with respect to a certain ref-
erence frame. General mathematical methods to analyti-
cally or numerically determine attitudes can be found, for 
example, in Schönemann (1964), Wahba (1965), Keat 
(1977), Horn et al. (1988) and Crassidis et al. (2007). To 
determine the attitudes of a vehicle from GNSS, one can 
first install three GNSS antennas, dedicated or non-dedi-
cated, on the vehicle, use GNSS observables to determine 
the 3D positions of the antennas and finally compute the 
attitudes of the vehicle. Depending on different objects of 
interest, the types of GNSS observables and the (absolute 
or relative) methods to solve for the positions of GNSS 
antennas, different methods of GNSS attitude determina-
tion have been proposed and widely applied in manned 
and unmanned navigation (see e.g., Cannon & Sun 1996; 
Cohen 1992; Cohen et al., 1993; Evans 1986; Eling et al., 
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2015; Lachapelle et al., 1996; Lu 1995; Lu et al., 1994; Kin-
sey et al., 2006; Shu et al., 2022) and rotational seismol-
ogy (Xu et al., 2019). In a similar manner, if a vehicle or 
a robot is captured simultaneously by at least two video 
cameras with known positions, one can then determine 
the attitudes of the vehicle/robot (see e.g., Royer et  al. 
2007; Islam et al., 2019; Hashim & Lewis 2021). The same 
idea applies to determining the pose of a person as well 
(see e.g., Endo et  al., 2023; Fujiwara & Yokomitsu 2021; 
De Vito et al., 2016; Fujii et al., 2020; Linnainmaa et al., 
1988; Nose et al., 2020; Richards 1999).

Although attitudes can either be directly measured 
or indirectly determined, we can only compute angular 
velocity or acceleration with them, which is, unfortu-
nately, well known as an inverse ill-posed problem (Xu 
2023; Xu et al., 2021). It is interesting to note that treating 
the reconstruction of accelerations from noisy measure-
ments as an inverse ill-posed problem directly leads to the 
invention of computerized accelerometers (Xu 2023). In 
other words, if we apply the conventional weighted least 
squares (LS) or difference methods to compute velocities 
and/or accelerations from positions or displacements, the 
results will be too noisy to be physically useful or mean-
ingful and even numerically incorrect. As basic physical 
quantities, angular velocity and acceleration are of the 
same fundamental importance as translational velocity 
and acceleration in science and engineering. For exam-
ple, vehicle safety and control require precise knowledge 
of the yaw rate (see e.g., Chindamo et  al., 2018; Leung 
et al., 2011; Xia et al., 2023). Thus, the main purpose of 
this paper is to propose the concept of GNSS gyroscopes.

Since GNSS attitude determination has been well 
addressed in the literature, we will focus on the determi-
nation of angular velocity and acceleration from high-rate 
GNSS in this paper, which describe the changes in angu-
lar position and angular velocity per unit time, respec-
tively. From this point of view, we may say that this work 
is a direct extension of Xu et al. (2021) and Xu (2023) to 
angular velocity and acceleration. More precisely, we will 
follow Xu et  al. (2021) to present regularization for the 
determination of angular velocity and acceleration with 
high-rate GNSS attitudes in Section  2. Section  3 will 
briefly outline our high-rate GNSS attitude experiments 
conducted almost ten years ago and use the experimental 
results to further determine angular velocity and acceler-
ation. Section 4 reports the experimental results of angu-
lar velocity and acceleration by applying the difference 
methods to high-rate GNSS and IMU attitudes. In Sec-
tions 5 and 6, we will focus on the regularized solutions 
of angular velocity and acceleration and their compari-
sons obtained with both GNSS and IMU measurements, 
respectively.

Regularized solutions of angular velocity 
and acceleration with high‑rate GNSS attitudes
High‑rate GNSS attitude determination
In this work, we follow a two-step approach to determine 
high-rate GNSS attitudes, namely, first solve the base-
lines between each pair of antennas and then use them 
to determine the attitudes. If the reader is interested in 
one step approach, namely to determine attitude directly 
from raw GNSS observables, he or she may refer to 
Cohen (1992) and Lu (1995), for example. Although both 
PPP and relative positioning modes can be used to deter-
mine a baseline, we use the latter mode for our purpose. 
It can result in a more precise baseline solution for a 
short baseline, because almost all systematic errors could 
be theoretically cancelled out through double difference 
(see e.g., Hofmann-Wellenhof et  al., 1992). Indeed, the 
relative positioning mode has been shown to perform 
better than PPP mode for GNSS attitude determination 
(Shu et al., 2022; Xu et al., 2019).

In the case of multi-GNSS constellations and based 
on the relative positioning mode, one may solve for the 
precise baselines either with each GNSS constellation or 
by combining all the constellations to obtain the optimal 
combined multi-GNSS baseline solutions. For simplicity, 
let us assume three antennas and we can obtain a num-
ber of baseline solutions from multi-GNSS constella-
tions, which are given in the local level NED frame and 
denoted by (ugi1 ,u

gi
2 ) , where the superscript gi stands for 

the ith GNSS constellation or the multi-GNSS constella-
tion. In a similar manner, let us denote the baseline vec-
tors of antennas in the body frame by (b1,b2) . We can 
then connect the baseline vectors in the body frame to 
the observed baselines through the unknown attitude 
matrix R . If R is represented by using the three Euler 
angles, then it automatically satisfies the conditions, 
namely, RTR = RRT = I3 and det{R} = 1 , where det{R} 
stands for the determinant of R and I3 is a (3× 3) iden-
tity matrix. Before we can apply the weighted LS method 
to determine the unknown attitude rotation matrix R , we 
assume the weight matrix for both ugi1  and ugi2  and denote 
it by Wgi . Collecting the baseline solutions from all the 
multi-GNSS constellations, we can then apply the follow-
ing weighted LS objective function:

to solve for the attitude matrix R.
If the correlations between uj1 and uj2 are negligibly 

small, the minimization problem (1) becomes

(1)min :

gm
∑

j=g1

[

u
j
1 − Rb1

u
j
2 − Rb2

]T

Wj

[

u
j
1 − Rb1

u
j
2 − Rb2

]

,
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where W1j and W2j are the weight matrices of the base-
line solutions uj1 and uj2 , respectively. In particular, if 
W1j = w1jI3 and W2j = w2jI3 , the above objective func-
tion (2) is further simplified as

which is the estimation criterion to determine the atti-
tudes first proposed by Wahba (1965). If a GNSS con-
stellation can only provide a baseline, say only uj1 , then 
W2j = 0 or equivalently, w2j = 0 . Based on the idea of 
Davenport, Keat (1977) published a technical report to 
analytically solve for the rotation matrix R in (3) and fur-
ther to compute the three Euler angles. For more tech-
nical details and other attitude solution methods, the 
reader may refer to Keat (1977), Horn et al. (1988), Black 
(1964), Markley (2002), Shuster & Oh (1981), Markley 
& Mortari (2000), Crassidis et  al. (2007) and Xu et  al. 
(2019).

Regularized solutions of angular velocity and acceleration 
functions
In principle, the starting differential equations to recon-
struct angular velocity and acceleration from high-rate 
GNSS are essentially the same as those to reconstruct 
(translational) velocity and acceleration. The only dif-
ference is that observations for the former are high-rate 
GNSS attitudes, while those for the latter are high-rate 
GNSS positions or displacements. Thus, following Xu 
et al. (2021) and Xu (2023), we can readily write the dif-
ferential equations for angular velocity as follows:

where θ(t) is the GNSS-determined angular position/
attitude of a rigid body at the time t and ω(t) is the angu-
lar velocity of the body at the time t. As the first aspect 
of GNSS gyroscopes in this paper, we will determine the 
angular velocity function ω(t) from the GNSS angular 
function θ(t) . Following Xu et al. (2021), we will have to 
first rewrite the differential equation (4) as the following 
Volterra’s integral equation of the first kind:

(2)
min :

gm
∑

j=g1

{(u
j
1 − Rb1)

T
W1j(u

j
1 − Rb1)

+(u
j
2 − Rb2)

T
W2j(u

j
2 − Rb2)},

(3)
min :

gm
∑

j=g1

{w1j(u
j
1 − Rb1)

T (u
j
1 − Rb1)

+w2j(u
j
2 − Rb2)

T (u
j
2 − Rb2)},

(4)
dθ(t)

dt
= ω(t),

In practice, it is not possible for us to obtain the continu-
ous GNSS angular function θ(t) over a time interval [0, t] . 
Instead, we can only determine θ(t) at the discrete time 
instants (t0, t1, t2, . . . , tn) and accordingly reconstruct the 
GNSS angular velocity function ω(t) at the discrete time 
instants.

In a similar manner, we can write the differential 
equations for angular acceleration as follows:

or equivalently, in the form of Volterra’s integral equation 
of the first kind:

(see e.g., Lonseth 1977; Lubansky et  al., 2006; Xu 2023; 
Xu et al., 2021), where t0 and θ(t0) have been defined in 
(5), α(t) is the angular acceleration function to be esti-
mated from the angular position function θ(t) , ω(t0) is 
the angular velocity at the time instant t0 . As in the case 
of GNSS angular velocity, given the angular positions/
attitudes θ(t) at the discrete time instants (t0, t1, t2, ..., tn) , 
our purpose is to reconstruct the GNSS angular accelera-
tion function α(t) at the discrete time instants.

To determine the angular velocity ω(t) and/or accel-
eration α(t) from the GNSS angular position θ(t) , and 
bearing in mind that θ(t) has only been sampled at 
discrete time epochs, we have to discretize the inte-
gral equations (5) and (7) by applying a certain rule of 
numerical integration. We may note that different rules 
of numerical integration can be applied to discretize (5) 
and (7), respectively. In this paper, we follow Xu et  al. 
(2021) (see also Xu 2023) and choose the Trapezoidal 
rule for both (5) and (7). As a result, we obtain the fol-
lowing linearized observation equation:

where the observations y of GNSS angular positions are 
given by y = [θ(t0), θ(t1), θ(t2), ..., θ(tn)]

T , θ(ti) can rep-
resent one of the GNSS attitude angles, namely, yaw, 
pitch or roll at the time epoch ti , β stands for the discrete 
values of either angular velocity ω(t) in the case of (5) 
or angular acceleration α(t) in the case of (7). If the ini-
tial parameter θ(t0) or ω(t0) or both are unknown, they 
should be included into β . A is the coefficient matrix, and 
ǫ is the random error vector of the GNSS angular meas-
urements y . The GNSS angular position error vector ǫ 

(5)θ(t) =

∫ t

t0

ω(τ)dτ + θ(t0).

(6)d2θ(t)

dt2
= α(t),

(7)

θ(t) =

∫ t

t0

(t − τ)α(τ)dτ + (t − t0)ω(t0)+ θ(t0),

(8)y = Aβ + ǫ,
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is assumed to be of mean zero and variance-covariance 
matrix W−1σ 2 , where W is the weight matrix and σ 2 the 
(given or unknown) variance of unit weight.

Because the Volterra’s integral equations (5) and (7) are 
of the first kind, they are ill-posed. As a result, the discre-
tized observation equation (8), either to reconstruct the 
angular velocities or the angular accelerations from high-
rate GNSS angular positions, must be ill-conditioned. With 
the increase of the reconstruction resolution, the condition 
number of the coefficient matrix A can be very large such 
that the naive weighted LS estimate of β can be too noisy to 
be physically useful or meaningful. Thus, we have to apply 
regularization to (8) in order to obtain a stable and accu-
rate solution of β . There exist a number of regularization 
methods to stably and accurately reconstruct the angular 
velocity and acceleration, for example, ridge regression and 
regularization (Phillips 1962; Hoerl & Kennard 1970; Tik-
honov & Arsenin 1977; Xu 1992), Bayesian inference cri-
terion (Akaike 1980; Tarantola 1987; Xu 2021), generalized 
cross-validation (Golub et al.,  1979; Xu  2009)  and trun-
cation of singular value decomposition (Xu 1998). In this 
work, we will follow Xu (1992, 2023) and Xu et al. (2021) 
and use the criterion of minimum mean squared error to 
estimate the angular velocities and/or angular accelerations 
β . More precisely, given a value of the (positive) regulariza-
tion parameter κ , we will minimize the following objective 
function:

to estimate the unknown angular velocities and/or angu-
lar accelerations. The matrix S is formulated or required 
to satisfy the smoothness of the second derivatives of the 
angular velocity or acceleration function (see e.g., Phil-
lips 1962). Since it is generally not of full rank, we fur-
ther follow Xu et al. (2021) by adding the identity matrix 
to obtain the final smoothness matrix, which, without 
confusion, is still denoted by S . As a result, we can finally 
obtain the regularized solution of β , denoted by β̂κ , as 
follows:

where κ is the regularization parameter, which is deter-
mined by applying the criterion of minimum mean 
squared errors (MSE) after Xu et  al. (2021) and Xu 
(2023). The bias of β̂κ in (10) is denoted by bias(β̂κ) and 
simply given below:

By substituting β with its regularized solution β̂κ , we may 
estimate bias(β̂κ) . However, we should note that such an 
estimate is also biased because β̂κ is biased and its accu-
racy depends on that of β̂κ.

(9)min: F(β) = (y − Aβ)TW(y − Aβ)+ κβTSβ ,

(10)β̂κ = (ATWA + κS)−1ATWy,

(11)bias(β̂κ) = −κ(ATWA + κS)−1Sβ .

Experimental setups for high‑rate GNSS 
gyroscopes
As part of our effort to investigate high-rate GNSS 
attitude determination in the past ten years or so, we 
installed three Trimble Net R9 antennas on a GNSS 
experimental platform on the roof of a 16-story build-
ing (the tallest buildings in its surrounding), where the 
Wuhan University GNSS Research Center was located. 
The first sets of experiments were performed on March 
22 and August 22, 2014, respectively. The experimen-
tal results of high-rate GNSS attitude determination 
were reported in Xu et  al. (2019), which were further 
extended to determine vehicular attitudes (Shu et  al., 
2022). It is interesting to note that these experiments 
fit the purposes of demonstrating the theory and meth-
ods in the current work well, namely, (i) to demonstrate 
the determination of angular velocity and acceleration 
from high-rate GNSS attitudes, and (ii) to compare the 
GNSS high-rate angular velocity and acceleration with 
the results from the optical gyros. The raw data of angu-
lar rates from the optical gyros of the installed IMU was 
not used in the research of GNSS attitude determination 
mentioned above but becomes now scientifically very 
valuable to compare high-rate GNSS angular velocity 
and acceleration in the current study. To give the reader 
a rough idea about our experiments, we show the exper-
imental platform in Fig.  1. The reader is referred to Xu 
et al. (2019) for more information.

The experiments of high-rate GNSS attitude determi-
nation on March 22 and August 22, 2014 were involved 
with multi-constellations, namely, GPS, BeiDou, GLO-
NASS and Galileo. The individual and combined multi-
constellation high-rate GNSS attitudes were determined, 
both in relative positioning mode and PPP mode, ana-
lyzed and reported in Xu et al. (2019). In this section, we 
will limit ourselves to the combined multi-constellation 
high-rate GNSS attitude determination in relative posi-
tioning mode and simply just use the attitude results 
on August 22, 2014 to demonstrate the new theory and 
method proposed in this paper. Since the raw IMU atti-
tudes are very important for this research, it is appropri-
ate to show the GNSS-determined attitudes in the IMU 
frame for the purpose of comparison.

Although the combined multi-constellation high-rate 
GNSS attitude results on the right hand sides of Fig.  8 
of Xu et al. (2019) last for about 250 seconds, we should 
note that there exist a few seconds of data gaps. Thus, 
to give the reader a clear impression of GNSS and IMU 
attitudes, we focus on the beginning parts of about 106 
seconds combined multi-constellation high-rate GNSS 
attitude results there without any data gap, which are 
reproduced in Fig.  2 under the IMU frame and will be 
used to demonstrate the concept of GNSS gyroscopes 



Page 6 of 17Shi et al. Satellite Navigation             (2024) 5:9 

in this paper. Because the IMU attitudes in Fig. 8 of Xu 
et  al. (2019) were GNSS-aided, we decide not to use 
them here. Instead, we will only limit ourselves to the raw 
IMU attitudes obtained purely from the optical gyros of 
the installed IMU NV-LINS812 without GNSS aid. The 
IMU was made by NAV Technology Co. Ltd., China, and 
reported to be of the accuracy of 0.003, 0.003 and 0.005 
degree (or deg in the remainder of this paper) for roll, 
pitch and yaw, respectively, if aided with GNSS. The raw 
IMU attitudes from the optical gyros, corresponding to 
the continuous GNSS attitude solutions, are shown in 
panel B on the right hand side of Fig.  2. For this study, 

we use the first 18 s of the static GNSS and IMU atti-
tudes to estimate the standard deviations of these data, 
which are equal to 0.0628, 0.0379 and 0.0183 deg in roll, 
pitch and yaw in the case of GNSS, and 0.0056, 0.0019 
and 0.0033 deg in roll, pitch and yaw in the case of IMU, 
respectively. The standard deviations of IMU attitudes 
are roughly consistent with the reported accuracy by the 
maker, though the latter are reported to be GNSS-aided. 
The IMU attitudes are much more precise than the GNSS 
ones by a factor of 4.55 to 18.95.

To further understand the high-rate GNSS and IMU 
attitudes, we use the first 18 s of static GNSS and IMU 
attitudes and compute the serial correlation coefficients 
for each component of attitudes, whose correlograms are 
shown in Fig. 3. The GNSS attitudes show a strong cor-
relation within a short time of 0.04 s, with the first two 
serial correlation coefficients being equal to 0.7994 and 
0.4833 in roll, 0.7836 and 0.4712 in pitch, and 0.8383 and 
0.5528 in yaw. The serial correlation coefficients with a 
time lag of 0.06 s and beyond are apparently very small, 
implying that the GNSS attitudes can be treated as almost 
uncorrelated after three epochs. On the other hand, it is 
surprised to see from panel B of Fig. 3 that the serial cor-
relation coefficients of the 200 Hz IMU static attitudes 
remain high above 0.9 and even almost 0.996 after 300 
epochs (or equivalently 1.5 s) in yaw and roll, respectively. 
All the three series of correlation coefficients exhibit 
anomalous periodic variations for roll, pitch and yaw. If 
we down-sample from 200 Hz to 50 Hz, then the serial 
correlation coefficients remain above 0.5 up to 0.26 s in 
yaw and 2.26 s in pitch. These values remain above 0.5 up 

ANT 2

IMU

ANT 3

ANT 1

Fig. 1 The experimental platform of high-rate GNSS gyroscopes 
with the three Trimble Net R9 antennas and the inertial measurement 
unit IMU-NV-LINS812

Fig. 2 The combined multi-constellation 50 Hz GNSS attitudes in the IMU frame and the 200 Hz IMU raw attitudes from the optical gyros 
of the installed IMU NV-LINS812. Panel A on the left side shows the GNSS attitudes, while panel B on the right side plots the raw attitudes 
from the gyros of NV-LINS812
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to 0.66 s and then again go above 0.5 for 0.24 s after 2.82 
s (or equivalently 141 epochs). The phenomena of serial 
correlation coefficients with both 200 Hz IMU and 50 
Hz IMU static attitudes are stochastically unnormal and 
inconsistent, which might imply more serious problems 
with the IMU static attitudes. These might be related to 
the working principles of optical gyros but might also be 
related to other unknown issues of the IMU (unknown to 
us—the users of the IMU, at least). Because of such prob-
lems, the computed serial correlation coefficients cannot 
be used in our study.

We should also like to note that although the timings 
of the IMU were based on its own GNSS antenna, they 
did not necessarily match those of GNSS exactly, as can 
be seen in Xu et al. (2013). In this experiment, we applied 
cross-correlation to both GNSS and IMU attitude time 
series and found a 0.015 s timing shift of the IMU NV-
LINS812 ahead of GNSS. The cross-correlation coef-
ficients of roll, pitch and yaw between GNSS and IMU 
attitudes are rather high, with the peak values being equal 
to 0.9876, 0.9967 and 0.9991, respectively. As an example, 
we show the cross-correlation coefficients of yaw with 
the maximum cross-correlation coefficient of 0.9991 in 

Fig. 3 The serial correlation coefficients of high-rate GNSS and IMU attitudes over time computed with the first 18 s attitudes. Each epoch index 
is equivalent to 0.02 s for the 50 Hz GNSS attitudes, 0.005 s for the 200 Hz IMU attitudes, and 0.02 s for the 50 Hz IMU attitudes. Panel A—the serial 
correlation coefficients of the 50 Hz GNSS attitudes; panel B—the serial correlation coefficients of the 200 IMU attitudes; panel C—the serial 
correlation coefficients of the down-sampled 50 Hz IMU attitudes
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Fig. 4, with the beginning part zoomed-in and shown on 
the same figure for clarity. Thus, to justify a direct com-
parison of GNSS and IMU and to avoid the effect of their 
mis-alignment, we have used the 0.015 s time shift to 
re-align the IMU data with those of GNSS for use in this 
work.

Angular velocity and acceleration waveforms 
by applying difference methods to high‑rate GNSS 
and IMU attitudes
Before presenting the regularized angular velocity and 
acceleration results, we apply difference methods to 
the combined multi-constellation 50 Hz GNSS atti-
tudes and accordingly reconstruct the angular veloc-
ity and acceleration waveforms. Applying the error 
propagation law to the GNSS-differenced angular 
velocities and accelerations, we obtain the stand-
ard deviations of (1.9889, 1.2467, 0.5203) deg/s and 
(118.6779, 77.7643, 28.9059) deg/s2 for the roll, pitch and 
yaw components, respectively. For the comparative pur-
pose, we also compute the angular velocity and accelera-
tion waveforms with the IMU gyro attitudes in a similar 
manner.

The 50 Hz GNSS- and 200 Hz IMU-derived angu-
lar velocity waveforms are shown in panels A and B of 
Fig. 5, respectively. By comparing the velocity results of 
panels A and B, in particular, the beginning parts of the 
velocity waveforms, we can roughly see that the ampli-
tudes of GNSS-derived velocity waveforms are slightly 
larger than those derived with IMU gyro attitudes, except 
for the spike angular velocity of − 35.7210 deg/s in the 
roll component from IMU (compare the subplot of roll 

in panel B). The ranges of amplitudes of angular veloc-
ity change between − 28.6838 and 29.0015 deg/s in roll, 
− 21.3356 and 30.8834 deg/s in pitch, and − 24.3845 and 
23.9646 deg/s in yaw for GNSS, and between − 35.7210 
and 24.5817 deg/s in roll, − 19.1996 and 22.0356 deg/s in 
pitch, and − 21.6291 and 20.8510 deg/s in yaw for IMU, 
respectively. This is likely due to the fact that the IMU 
gyros used in this study are more accurate to measure the 
attitudes than GNSS. From this point of view, we may say 
that the GNSS velocity results are visibly noisier. In fact, 
with the first 18 s of the GNSS- and IMU-based differ-
ence velocity waveforms, we obtain the standard devia-
tions of 1.9906, 1.2489 and 0.5203 deg/s in roll, pitch 
and yaw for GNSS and 0.0076, 0.0135 and 0.0089 deg/s 
in roll, pitch and yaw for IMU, respectively. Because 
there exist no true values in our experiments, it is not 
clear whether the IMU-computed spike velocity value of 
− 35.7210 deg/s is real or due to problems with the IMU 
instruments.

If we reduce the sampling rate of IMU to the same 
50 Hz rate as that of GNSS, we can again compute the 
IMU angular velocity waveforms, which are shown in 
panel C of Fig.  5. Unlike the 200 Hz IMU-differenced 
velocity waveforms, the amplitudes of the 50 Hz IMU-
derived velocity values in roll, pitch and yaw become 
smaller, ranging between − 27.8525 and 18.4918 
deg/s, − 17.4668 and 20.5527 deg/s, and − 20.6923 and 
19.7760 deg/s, respectively. Comparing the 50 Hz angu-
lar velocity results between GNSS and IMU in panels 
A and C, we can see that their amplitudes look roughly 
consistent, though GNSS results are clearly much nois-
ier. Actually, the standard deviations of the 50 Hz IMU-
derived velocity waveforms in roll, pitch and yaw are 
equal to 0.0035, 0.0120 and 0.0058 deg/s, as computed 
with the first 18 s static data, which are all smaller 
than the corresponding values in the case of the 200 
Hz IMU-derived velocity waveforms. The reason may 
partially be due to the ill-posedness of the problems, 
because a lower sampling rate can improve reducing 
the standard deviations of the velocity values computed 
by using the difference method, though the velocities 
obtained stand only for the average values over a longer 
interval of time.

One might also like to know the differences between 
the 50 Hz GNSS- and 50 Hz IMU-derived angular 
velocity waveforms, which are plotted in panel  D of 
Fig.  5. The difference results look far away from zero 
and actually are much noisier. The reason is probably 
due to the fact that GNSS and IMU attitude timings 
cannot be aligned exactly. As a result, in what follows, 
it may not make much sense to quantitatively compare 
the angular velocity and acceleration waveforms from 
GNSS and IMU. Instead, we can only make a qualitative 

Fig. 4 The cross-correlation coefficients of yaw between GNSS 
and IMU attitudes. The first part of coefficients slightly longer 
than 0.04 s is amplified and shown on the upper right corner 
of the figure
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comparison of angular velocity and acceleration results 
obtained from GNSS and IMU.

In a similar manner to computing the angular veloc-
ity waveforms from GNSS and IMU attitudes, we apply 
the difference method to the 50 Hz GNSS and the 200 
Hz IMU attitudes and accordingly obtain their accelera-
tion waveforms, which are shown in panels A and B of 
Fig. 6, respectively, ranging from − 1841.0 to 1819.9 deg/
s2 in roll, − 998.3 to 1221.1 deg/s2 in pitch, and − 501.3 
to 499.2 deg/s2 in yaw for GNSS, and from − 4099.4 to 
3046.8 deg/s2 in roll, − 3694.2 to 2616.9 deg/s2 in pitch, 
and − 963.6 to 1321.6 deg/s2 in yaw for IMU, respectively. 
The signals of angular acceleration can hardly be visible 
in Fig.  6. Based on the first 18 s of GNSS static angu-
lar accelerations, we obtain the standard deviations of 
118.9673, 77.7303 and 28.9214 deg/s2 in roll, pitch and 
yaw, while the 18 s IMU attitudes result in very small 
standard deviations of 2.4095, 2.1973 and 2.3892 deg/

s2 in the roll, pitch and yaw accelerations, respectively. 
Neither the standard deviations of acceleration with 
GNSS nor those with IMU can explain the very large 
fluctuations in the differenced accelerations of panels A 
and B. The reason may be that the noises in the GNSS 
and IMU attitude data have been significantly amplified, 
because determining angular accelerations with noisy 
GNSS and IMU data is ill-posed. As in the case of 50 Hz 
IMU angular velocities, we also compute the 50 Hz IMU 
angular accelerations and show the results in panel C of 
Fig. 6, with the standard deviations being equal to 0.1683, 
0.1754 and 0.1782 deg/s2 from the first 18 s static data. 
These values of standard deviations are extremely small 
in comparison of the large fluctuations of angular accel-
erations in panel C of Fig. 6, which might again indicate 
that the static attitude data of IMU may not be without 
problem. The differences between the 50 Hz GNSS and 
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B: 200 Hz difference-based angular velocities with IMU

0 20 40 60 80 100
-20

0

20

pi
tc

h 
(d

eg
/s

)

0 20 40 60 80 100
time (s)

-40

-20

0

20

ro
ll 

(d
eg

/s
)

0 20 40 60 80 100
-20

0

20

ya
w

 (d
eg

/s
)

A: 50 Hz difference-based angular velocities with GNSS
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C: 50 Hz difference-based angular velocities with IMU
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D: differences between 50 Hz GNSS and IMU angular velocities
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Fig. 5 The angular velocity waveforms reconstructed by using the difference method. Also shown in this figure are the differences between the 50 
Hz GNSS- and IMU-based angular velocities. Panel A—the 50 Hz GNSS-derived angular velocity waveforms; panel B—the 200 Hz IMU-derived 
angular velocity waveforms; panel C—the 50 Hz IMU-derived angular velocity waveforms aligned with GNSS; panel D—the differences 
between the 50 Hz GNSS- and IMU-derived angular velocities
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50 Hz IMU angular accelerations are plotted in panel D of 
Fig. 6, which, once and again, confirms that the compari-
son of angular velocity and acceleration results between 
GNSS and IMU should only be qualitatively made.

Regularized angular velocity waveforms 
from high‑rate GNSS and IMU
Before showing the regularized solutions of angular 
velocity, we first show the 50 Hz angular velocities by 
applying the LS method to the high-rate GNSS and IMU 
attitudes in Fig.  7. The mean standard deviations of the 
LS angular velocities in roll, pitch and yaw are equal to 
3.7071, 2.2336 and 1.0798 deg/s for GNSS, and 0.3302, 
0.1148 and 0.1954 deg/s for IMU, respectively. When 
comparing the LS angular velocities in Fig.  7 with the 
attitude waveforms in Fig.  2, we could see that motion 
patterns in yaw look quite similar. However, the LS angu-
lar velocities in roll and pitch for both GNSS and IMU 
look very noisy. In particular, it is rather difficult to 

identify the signals of velocity in the GNSS LS angular 
velocities in roll and pitch.

From the mathematical point of view, reconstructing 
angular velocity from high-rate GNSS and IMU attitudes 
is ill-posed. More specifically, the condition number of 
reconstructing angular velocities with the 50 Hz GNSS/
IMU attitudes is equal to 7.0651e+07. Thus, we can apply 
regularization to improve solutions of angular velocities, 
though such an improvement would depend on the ratio 
of σ/�t , where σ and �t are the accuracy of data and the 
time interval of velocity functions. In this and next sec-
tions, we will limit ourselves to reconstruct 50 Hz angu-
lar velocity and acceleration waveforms.

In order to apply the minimum MSE criterion for regu-
larization, we need to know the accuracy of GNSS and 
IMU attitudes. For our experiments, we use the stand-
ard deviations of 0.0628, 0.0379 and 0.0183 deg in roll, 
pitch and yaw in the case of GNSS, and 0.0056, 0.0019 
and 0.0033 deg in roll, pitch and yaw in the case of IMU, 
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A: 50 Hz difference-based angular accelerations with GNSS
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B: 200 Hz difference-based angular accelerations with IMU
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C: 50 Hz difference-based angular accelerations with IMU
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Fig. 6 The angular acceleration waveforms reconstructed by applying the difference method to the 50 Hz GNSS and the 200 Hz IMU attitudes. Also 
included in this figure are the differences of the 50 Hz GNSS- and IMU-computed angular accelerations. Panel A—the 50 Hz GNSS-derived angular 
acceleration waveforms; panel B—the 200 Hz IMU-derived angular acceleration waveforms; panel C—the 50 Hz IMU-derived angular acceleration 
waveforms aligned with GNSS; panel D—the differences between the 50 Hz GNSS- and 50 Hz IMU-derived angular accelerations
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respectively, as computed with the first 18 s static GNSS 
and IMU attitude data, even though experience indi-
cates that dynamic errors can be higher. We then follow 
Xu et al. (2021) to first obtain a solution of an unknown 
function by averaging regularized solutions over a range 
of small regularization parameters between 0.00001 and 
0.04 and then using them to determine the optimal regu-
larization parameter for the reconstruction of angular 
velocity and acceleration. As a result, we obtain the opti-
mal regularization parameters of 1.514e−4, 0.895e−4 and 
0.319e−4 for roll, pitch and yaw components in the case 
of GNSS, and 1.985e−5, 0.801e−5 and 0.973e−5 for roll, 
pitch and yaw components in the case of IMU, respec-
tively. To give the reader an impression of how the MSE 
values change with the regularization parameter, we use 
the GNSS data as an example and show the MSE plots in 
Fig. 8.

The regularized solutions of angular velocities for both 
GNSS and IMU are shown in Fig.  9. The velocity pat-
terns for both GNSS and IMU are rather similar, though 
the IMU-regularized angular velocities seem to be of 
less noisy and larger amplitudes. Precisely speaking, the 
amplitudes are larger by a maximum factor of 37.55 per-
cent in roll and a minimum factor of only about 2 percent 
in yaw. The regularized angular velocities from GNSS 
range from − 11.5060 to 11.3045 deg/s in roll, − 11.2254 
to 12.9545 deg/s in pitch, and − 18.5756 to 18.2544 deg/s 
in yaw, respectively. They are all smaller than their coun-
terparts in both the difference and LS solutions. More 
specifically, the peak regularized GNSS angular veloci-
ties in roll, pitch and yaw are smaller than those in the 
solutions from the difference method by a factor of 0.9 

to 1.57 in roll and pitch, and by about 31 percent in yaw. 
The same roughly applies to the LS solutions, with a fac-
tor of 0.87–1.91 in roll and pitch, and 25 to 43 percent in 
yaw, respectively. In the case of regularized IMU angu-
lar velocities, these values are reduced to 26 percent to 
a maximum factor of 1.26 for roll and pitch, and only 
12 to 14 percent in yaw when compared to those of the 
solutions by using the difference method. The differences 
between the IMU regularized and LS solutions become 
even smaller, with a maximum factor of 0.94 in roll and 
less than 21 percent for both pitch and yaw. The average 
MSE roots for GNSS are respectively equal to 0.7966, 

Fig. 7 The 50 Hz solutions of angular velocities obtained by applying the LS method to the high-rate GNSS (left panel) and IMU (right panel) 
attitudes, respectively

Fig. 8 The variations of MSE values with the regularization parameter 
for roll, pitch and yaw components: green line—roll, red line—pitch, 
and blue line—yaw
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0.7824 and 0.7515 deg/s for roll, pitch and yaw, which are 
much smaller than the corresponding average standard 
deviations of the LS solutions (3.7071, 2.2336 and 1.0798 
deg/s), indicating that the regularized angular velocity 
solutions indeed improve the reconstruction of angular 
velocities from GNSS. To give the reader an impression 
on the biases of regularized angular velocities, we use 
the regularized angular velocity solutions to estimate 
their biases. The average values of the estimated biases 
for roll, pitch and yaw are equal to 0.0007, − 0.0004 and 
− 0.0011 deg/s in the case of GNSS, and 0.0001, − 0.0001 
and − 0.0005 deg/s in the case of IMU, respectively. Simi-
larly, the median values of the absolute estimated biases 
of regularized angular velocities for roll, pitch and yaw 
are equal to 0.3595, 0.3197 and 0.3537 deg/s in the case of 
GNSS, and 0.1404, 0.0893 and 0.1176 deg/s in the case of 
IMU, respectively.

Regularized angular acceleration waveforms 
from high‑rate GNSS and IMU
Given the 50 Hz GNSS and IMU attitudes, we apply the 
eigenvalue function eig of Matlab R2021a and determine 
the condition number of the normal matrix ATA for the 
discretized linear observation equation (8) in association 
of angular acceleration, which is found to be almost as 
large as 1.0e+20. With such an extremely large condition 
number, any noise in the measured data would be roughly 
amplified by a factor of 1.0e+10. Actually, the compu-
tation of the exact condition number is difficult and 
likely not very reliable for these examples with Matlab 
R2021a. As a result, no physically meaningful results of 

angular accelerations can be expected, if the LS method 
is applied. As in the case of the regularized solutions 
of angular velocity, we first show the 50 Hz LS angular 
accelerations with both the 50 Hz high-rate GNSS and 50 
Hz IMU attitudes in Fig. 10. It is clear from Fig. 10 that 
the LS solutions of angular accelerations are too noisy to 
be physically useful, as theoretically expected. Thus, we 
will not go into any details of these solutions.

We now apply regularization under the criterion of 
minimum MSE to reconstruct angular acceleration wave-
forms with the average regularized solution obtained 
over a small range of regularization parameters between 
0.0001 and 0.002. The optimal regularization param-
eters are equal to 1.051e− 05 in roll, 0.298e−05 in pitch 
and 0.177e−05 in yaw for GNSS, and 8.797e−07 in 
roll, 2.204e−07 in pitch and 3.151e−07 in yaw for IMU, 
respectively. The optimal regularization parameters for 
IMU are much smaller than those for GNSS by a factor of 
10.95 in roll, 12.52 in pitch and 4.62 in yaw, respectively. 
The reason is likely due to the fact that the IMU attitudes 
are much more precise than the GNSS attitudes. Given 
an inverse ill-posed problem, a small variance tends to 
result in a smaller regularization parameter to arrive at 
the minimum MSE.

The regularized angular acceleration solutions with 
both high-rate GNSS and IMU attitudes are shown in 
Fig. 11. A quick comparison of panels A and B of Fig. 6, 
Fig.  10 and Fig.  11 can immediately conclude that the 
regularized angular accelerations are only an extremely 
small fraction of those computed either by using the 
difference method or the LS method. More precisely, 

Fig. 9 The regularized angular velocity solutions from the combined multi-constellation 50 Hz GNSS and IMU raw attitudes, respectively. Left 
panel: the regularized angular velocity solutions with GNSS attitudes; right panel: the regularized angular velocity solutions with the gyro attitudes 
of NV-LINS812
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the peak regularized angular accelerations are smaller 
than those with the difference method by a maximum 
factor of 8662.53 in the case of GNSS and 2819.85 in 
the case of IMU, respectively.

In fact, the mean MSE roots of regularized angular 
accelerations with IMU attitudes are estimated to be 
equal to 0.1886, 0.3096 and 0.4366 deg/s2 in roll, pitch 
and yaw, respectively, indicating that the regularized 
solutions of angular acceleration are reasonable. As in 
the case of regularized angular velocities, we also use 
the regularized angular acceleration solutions to esti-
mate their biases. On average, the biases for roll, pitch 
and yaw are equal to 0.00004, − 0.00068 and − 0.00031 
deg/s2 in the case of GNSS and, 0.00016, 0.00007 and 
− 0.00128 deg/s2 in the case of IMU, respectively. The 
median values of the absolute estimated biases of regu-
larized angular acceleration solutions for roll, pitch and 
yaw are equal to 0.00573, 0.01716 and 0.03209 deg/s2 
in the case of GNSS and, 0.01270, 0.05180 and 0.10824 
deg/s2 in the case of IMU, respectively. It is a bit sur-
prised to see that these mean and median values are 
larger in the case of IMU than GNSS, even though the 
regularization parameters are smaller in the case of 
IMU. The reason is likely due to the fact that the reg-
ularized angular accelerations are larger in the case of 
IMU. The examples may indicate that one should inter-
pret the computed bias values with care, since they are 
estimated with uncertainty.

It is clear from Fig.  11 that the regularized angular 
accelerations with GNSS are smaller than those with 
IMU. Since the IMU attitudes are more accurate than the 
high-rate GNSS attitudes, the regularized IMU angular 

accelerations should be more accurate. The regularized 
angular accelerations range from − 0.2125 to 0.2163 deg/
s2 in roll, − 0.5921 to 0.7464 deg/s2 in pitch, and − 0.6629 
to 0.6503 deg/s2 in yaw for GNSS, and from − 1.5306 to 
1.0801 deg/s2 in roll, − 2.1916 to 3.0086 deg/s2 in pitch, 
and − 2.9581 to 1.9685 deg/s2 for IMU, respectively. The 
peak regularized angular accelerations with IMU are 
larger than those with GNSS by a factor of 6.20 in roll, 
3.03 in pitch and 3.46 in yaw, respectively. The reason is 
that the noise levels of GNSS attitudes are much higher 
than those of IMU attitudes. As a result, an effective 
suppression of GNSS noise amplification for regular-
ized angular accelerations requires a larger regulariza-
tion parameter, which, in turn, would shrink the angular 
accelerations.

To further validate this explanation, we use the IMU-
based optimal regularization parameters to reconstruct 
the angular accelerations from high-rate GNSS atti-
tudes. In a similar manner, we can also reconstruct the 
IMU angular accelerations with the GNSS-based opti-
mal regularization parameters. The results of cross-com-
parison between GNSS and IMU are shown in Fig.  12. 
The regularized IMU angular accelerations are basically 
identical to the regularized GNSS angular accelerations 
with the optimal IMU-based regularization parameters, 
as can be seen by comparing the acceleration plots in 
the right panel of Fig. 11 with those in the left panel of 
Fig.  12. The same is true about the regularized GNSS 
angular accelerations in the left panel of Fig. 11 and the 
regularized IMU angular accelerations with the optimal 
GNSS-based regularization parameters in the right panel 
of Fig.  12. All these results clearly indicate that more 

Fig. 10 The 50 Hz solutions of angular accelerations obtained by applying the LS method to the high-rate GNSS (left panel) and IMU (right panel) 
attitudes, respectively
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accurate measured data results in more accurate regu-
larized solutions, as already consistently reported in Xu 
(2023). They apparently imply that the accuracy estimate 
of GNSS attitudes with the static data seems appropriate 
to reconstruct angular accelerations from GNSS. A likely 
larger dynamical GNSS attitude error (if so used) would 
be expected to further shrink regularized angular accel-
erations in the case of GNSS. Finally, we may like to note 
that unless the timings of GNSS and IMU are exactly 
aligned with each other, such a timing mis-alignment 
can significantly affect a scientifically fair comparison of 
the reconstructed angular accelerations with GNSS and 
IMU, which may hardly be possible. At the very least, 
such a comparison must be done with great care with the 
timing mis-alignment in mind.

Conclusions
Attitude and pose information has been becoming 
increasingly important in many areas of science and 
engineering. Attitudes of rigid objects and/or poses of 
human beings can either be directly measured precisely 
with gyro instruments or indirectly with GNSS and cam-
eras. Although angular velocity and acceleration are also 
important physical quantities with important industrial 
applications, they are generally computed from atti-
tudes, which has been shown in this paper to be inverse 
ill-posed problems, as in the case of determining trans-
lational velocity and acceleration in Xu et al. (2021) and 
Xu (2023). As a result, noise in raw measurements and/
or attitudes can be extremely magnified, depending on 

accuracy of measurements and the extent of ill-posed-
ness of such problems.

We have proposed the ideas and concept of GNSS 
gyroscopes and paid particular attention to angular 
velocity and acceleration as its two key components. We 
have reformulated the differential equations of angu-
lar velocity and acceleration as the equivalent integral 
equations of the first kind, discretized them and applied 
regularization to accurately reconstruct angular velocity 
and acceleration. Experiments carried out in 2014 sci-
entifically fit perfectly the purpose of demonstrating the 
concept of GNSS gyroscopes and have been satisfactorily 
used to validate all our ideas proposed in this work, even 
though they were originally designed mainly to deter-
mine high-rate GNSS attitudes, as reported in Xu et  al. 
(2019) and Shu et al. (2022). More interestingly, the 2014 
experiments were involved with both GNSS and IMU 
instruments. Thus, we can fully use them for the pur-
pose of comparison and for illustrating some important 
aspects of regularized reconstruction of angular velocity 
and acceleration.

The difference and LS methods have been applied to 
compute angular velocity and acceleration. Reconstruc-
tion of angular velocity is shown to be moderately ill-
posed. If attitudes are sufficiently precise, the computed 
angular velocities could be satisfactory with both GNSS 
and IMU attitudes, depending on what resolution would 
be required. With the increase of resolutions, the condi-
tion number can become very large such that computed 
angular velocities with either of the methods can become 
very unreliable. Because reconstruction of angular 

Fig. 11 The regularized angular acceleration solutions from the combined multi-constellation 50 Hz GNSS and IMU raw attitudes, respectively. Left 
panel: the regularized angular acceleration solutions with GNSS attitudes; right panel: the regularized angular acceleration solutions with the gyro 
attitudes of NV-LINS812
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acceleration is severely ill-posed, we have shown with 
both high-rate GNSS and IMU attitudes that neither the 
difference method nor the LS method can produce any 
physically meaningful solutions to angular accelerations. 
The signals of angular accelerations have been completely 
drowned into the noises of such solutions.

We have applied regularization to reconstruct angular 
velocity and acceleration from high-rate GNSS and IMU 
attitudes. Even with a moderate ill-posedness of angu-
lar velocity problems, the regularized reconstruction 
of angular velocities has been shown to be significantly 
more accurate than that by using either the difference 
or LS method. On the other hand, since IMU attitudes 
are more precise, the corresponding regularized angular 
velocity solutions are shown to be more accurate as well. 
Regularization has been successfully applied to accu-
rately reconstruct angular accelerations from high-rate 
GNSS and IMU attitudes. Unlike the solutions of angular 
accelerations with either the difference or LS method, the 
angular acceleration signals can be clearly visible in the 
regularized solutions, which are only a very small frac-
tion of those obtained from the difference and LS meth-
ods. The regularization results of angular accelerations 
have also shown that less accurate data would demand 
a larger regularization parameter to effectively suppress 
or control the magnification of noise. More accurate data 
can significantly improve the reconstruction of angu-
lar acceleration signals, as cross-validated by applying 
the IMU-based optimal regularization parameters to 

high-rate GNSS attitudes and vice versa, and as can be 
seen in Xu (2023). Finally, we may like to note that static 
data from optical IMU gyros should be used and evalu-
ated with care. Combining GNSS and IMU attitudes to 
reconstruct angular velocities and accelerations can be 
a topic for future work, in particular, if only one GNSS 
baseline is available. Further work on regularization is 
also highly expected.
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